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Abstract

We show that microfounded DSGE models with nominal rigidities can be success-
ful in replicating features of bond yield data which have previously been considered
puzzling in general equilibrium frameworks. Consistent with empirical evidence, we
obtain average holding period returns that are positive, increasing in maturity and
sizable, as well as long-maturity bond yields that are almost as volatile as short-term
interest rates. At the same time, we are able to fit sample moments of consumption
and inflation relatively well. To improve our understanding of these results, we derive
analytical solutions for yields that are valid up to a second order approximation and
generally applicable. We demonstrate that the improved model performance does not
arise directly from the presence of nominal rigidities: ceteris paribus, the introduction
of sticky-prices in a simple model tends to reduce premia. Sticky prices help indi-
rectly because they imply (short-run) monetary non-neutrality, so that the policy rule
followed by the central bank affects consumption dynamics and the pricing of yields.
A very high degree of "interest rate smoothing" in the policy rule is essential for our
results.

JEL classification: E43, E44

Keywords: DSGE models, policy rules, term structure of interest rates, risk
premia, second order approximations.
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Non-technical summary

This paper analyses the term structure implications of a relatively standard micro-
founded macro model featuring nominal rigidities, inflation persistence and habit
formation in consumption. The model is solved using second order perturbation
methods to allow for a meaningful role for risk. Previous work in this field has
concluded that macroeconomic models are hard to reconcile with observed features in
financial markets, including the behaviour of the term structure of interest rates. We
find, in contrast, that with some modifications of the standard framework, it is
possible to match key features of the data. More specifically, we obtain average
holding period returns that are positive, increasing in maturity and sizable.
Furthermore, long-maturity bond yields implied by the model are almost as volatile as
short-term interest rates, in line with the observed behaviour of yields. Importantly,
our calibrated model delivers a relatively good fit in terms of features of
macroeconomic variables, such as the second moment of inflation and consumption
growth. Previous work has been able to reproduce some features of bond yields only
at the expense of generating implausible behaviour of macroeconomic variables, such
as a counterfactual negative correlation of consumption growth.

To improve our understanding of these results, we derive analytical solutions for
yields that are valid up to a second order approximation and generally applicable. We
demonstrate that the improved model performance does not arise directly from the
presence of nominal rigidities: ceteris paribus, the introduction of sticky-prices in a
simple model tends to reduce premia. Sticky prices help indirectly because they imply
(short-run) monetary non-neutrality, so that the policy rule followed by the central
bank affects consumption dynamics and the pricing of yields. A very high degree of
"interest rate smoothing" in the policy rule is essential for our results.

We also derive a Fisher-type decomposition of nominal expected excess holding
period returns — i.e. the expected excess return from holding a long term nominal
bond for one period compared to the return on a 1-period nominal bond — into a real
risk premium component and an inflation risk premium component. In our calibration,
the average slope of the term structure of nominal interest rates is almost entirely due
to real risk premia.

From a technical viewpoint, we derive analytical second order approximate solutions
for bond prices consistent with the formulation in Schmitt-Grohé and Uribe (2004).
This allows us to solve the macroeconomic model first, and compute yield prices in a
second stage. Our expressions also allow one to easily derive holding premia in any
DSGE model where bonds do not affect the macroeconomic equilibrium, based on the
sole knowledge of the log-linearised solution for inflation and the marginal utility of
consumption.

While improving on previous results, our model does not provide a fully satisfactory
characterisation of all unconditional and conditional moments of yield data. For
example, it does not deliver any time-variation in risk premia, a result which is
inconsistent with much empirical work in the financial literature. In order to allow for
such time-variation, higher-order approximation methods must be employed.
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1 Introduction

At the core of dynamic macroeconomic models, we find equilibrium relationships which
describe the allocation of quantities (e.g. consumption and investment) and, when imper-
fect competition prevails, the setting of prices. These equations are typically valid across
time and across states of nature, and financial assets are the tool that are supposed to
ensure their validity. Financial assets are therefore an integral part of macroeconomic
models. Any well-specified model should be able to match financial data as well as macro
data.

It is therefore problematic that microfounded models have had a hard time explaining
key features of asset prices. The most famous example of this difficulty is the equity
premium puzzle, but various features of bond yield data have also been characterised as
puzzling in the literature. A number of papers, including Backus, Gregory and Zin (1989),
Donaldson, Johnsen and Mehra (1990), Den Haan (1995) and Chapman (1997), have
concluded that general equilibrium models cannot generate term premia of a magnitude
comparable to what we observe in actual data — and may not even be capable of producing
positive term premia.

For equity, one could argue that fundamentals (the expected future profitability of
individual firms) are unobservable and difficult to evaluate. Equity prices may therefore
be thought to be subject to fluctuations disconnected from the real economy (information
acquisition, fads etc.), and one could hope that the inability of macroeconomic models to
match equity prices does not represent a signal of misspecification. This argument is more
difficult to construct for bonds. Bond yields should ultimately reflect expectations of future
monetary policy decisions which, at least in recent years, are arguably more predictable
than equity fundamentals. Thus, the ability of macroeconomic models to explain bond
prices represents an important test of their empirical performance.

In this paper, we revisit the relationship between bond prices and macroeconomic
fundamentals. Contrary to the papers cited above, that rely on flexible price models,
we investigate whether nominal rigidities are helpful to match yields data within general
equilibrium models. Our interest in models with nominal rigidities arises from the fact
that versions of these models have been shown to describe macro data with some degree
of success.

The broad flavour of our results is that relatively complex models, such as those in-
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corporating nominal rigidities, are closer to yield data than one would conclude based
on previous analyses. The benchmark version of the model which we employ is able to
approximate well some key average features of yield data, while remaining broadly con-
sistent with the sample moments of macroeconomic data. The model includes just two
persistent sources of exogenous uncertainty: a technology shock, predominant in size, and
an inflation target shock.

The improved model performance, however, does not arise directly from the presence
of nominal rigidities. On the contrary, we demonstrate that the market prices of risk, a
fundamental determinant of term premia, are always smaller in a plain-vanilla model with
nominal rigidities than in a corresponding model with flexible prices. Nominal rigidities
help indirectly, because they imply that monetary policy has real effects. The character-
istics of the policy rule followed by the central bank become an important determinant of
the dynamics of consumption and, in turn, the term structure of risk premia. More specif-
ically, the improved performance of our model is crucially determined by a high degree of
"interest rate smoothing" — i.e. the desire to keep interest rate volatility low — in the
monetary policy rule.

Our approach allows us to largely resolve three puzzles with respect to features of
bond yields within microfounded models, namely the reported inability of such models to
generate: (1) positive serial correlation in consumption growth and a positive slope of the
term structure simultaneously; (2) roughly constant volatility of bond yields along the term
structure; and (3) sizeable term premia. Concerning the first of these puzzles, initially
highlighted by Backus, Gregory and Zin (1989), we show that it can be related to the
persistence of impulse responses of consumption to shocks in the model. More precisely,
consumption must return to its long run equilibrium more slowly than if it followed a simple
autoregressive process. We show that various mechanisms can generate this result in our
framework, thereby resolving the first puzzle. The second puzzle — i.e. the difficulty for
DSGE models to generate sufficiently high volatility in long-term bond yields — disappears
if the persistence of exogenous shocks is sufficiently high. Our contribution here is to
show that this is possible without causing implausible implications for the moments of
consumption and inflation. Finally, concerning the third puzzle, we show that all features
of our model can generate term premia of the same order of magnitude as in the data.

To improve our intuition for these results we derive analytical second order approximate
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solutions for bond prices. Rigorous mathematical foundations for various methods that
approximate the solution of nonlinear DSGE models have been presented by Kenneth
Judd in a number of contributions (see Judd, 1998, and the references therein). Here,
we follow the formulation proposed in Schmitt-Grohé and Uribe (2004). Our analytical
solutions are generally applicable to any DSGE model where bonds are priced recursively.
Our paper is related to a growing literature on the implications for nominal bond prices
of microfounded models with nominal rigidities. Wu (2006) shows that the approximate
bond pricing framework arising from these models is consistent with so-called "affine term
structure models" — see Duffie and Kan (1996) and Dai and Singleton (2000). Wu relies on
a mixed loglinear-lognormal solution approach, namely an approach whereby the macro-
model is solved by (log)linearisation methods, while bond prices are found using second
order approximations. Bekaert, Cho and Moreno (2006) and Gallmeyer, Hollifield and
Zin (2005) aslo rely on the loglinear-lognormal solution approach. In contrast, we apply
second-order approximations consistently throughout our model. Ravenna and Seppéld
(2005) study a model similar to ours using third-order approximations, but they rely en-
tirely on numerical methods. Buraschi and Jiltsov (2005, 2007) examine the term structure
of interest rates in general equilibrium, but focus on flexible-price models. Wachter (2006)
and Piazzesi and Schneider (2006) study the nominal term structure of interest rates,
but they model inflation and consumption as exogenous processes in a partial equilibrium
setting, in the tradition of e.g. Boudoukh (1993) and Cox, Ingersoll and Ross (1985).
The paper is organised as follows. Section 2 summarises a few widely-known stylised
facts on the term structure of interest rates, which we use as a benchmark for the evaluation
of the theoretical model. The model is described in Section 3, while Section 4 presents the
solution method and the analytical second-order approximation to bond prices. Section 5
shows the quantitative performance of the model and presents our main results. Sections
6, 7 and 8 go on to provide more intuition on the model’s performance with respect to

three bond price puzzles reported in the literature. Section 9 concludes.

2 Stylised facts of bond yields: a quick review

This section summarises some stylised facts on the term structure of interest rates. These

are well known from previous studies, but we briefly summarise them again with reference
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to an updated dataset of zero-coupon rates provided by the Federal Reserve Board.

Table 1: Summary yields statistics: 1961Q2 - 2007Q2.

Maturity 3m  6m ly 3y 5y 10y

Mean 147 149 153 1.63 1.68 1.76
Std.Dev. 0.72 0.71 0.70 0.66 0.64 0.60
Autocorr. 0.92 0.93 094 0.95 0.96 0.97
ex-post zhpr — 0.04 0.11 0.23 0.28 0.33
Quarterly US data, in percent.  Source: Federal Reserve

Board. Ex-post excess holding period returns are calculated using
continuously-compounded yields.

Looking at US nominal bond yields since the beginning of the 1960s, a number of key
features become apparent (see Table 1). First, on average, the term structure has been
upward-sloping, with the (annualised) mean of the 10-year yield exceeding the mean of the
one-quarter interest rate by 116 basis points over the 1961Q2-2007Q2 period (note that the
table reports quarterly figures). Second, the term structure of yield volatilities has tended
to be only slightly downward-sloping; the standard deviation of short-term interest rates
(up to about one year) was around 2.9% while the corresponding value for the 10-year
yield was around 2.4%. Third, yields have been highly persistent. The first-order sample
autocorrelations of quarterly yields were above 0.9 across all maturities. Fourth, realised
excess holding period returns (henceforth, zhpr’s)! on bonds tended to be increasing in
the maturity of the bonds. For example, while the average return earned from investing
in a 6-month bond for one quarter, in excess of the 3-month interest rate, was around 16
basis points (in annualised terms), this excess return increased up to 112 basis points for
5-year bonds (also annualised). This would suggest that expected excess returns should
also be increasing with maturity.

It could be argued that these unconditional moments should be calculated over a
shorter sample period, because of the impact on the yield curve of possible structural
breaks. Many authors, for example, have argued that a break in the Fed’s monetary pol-

icy rule took place most probably in 1979 (see e.g. Clarida, Gali and Gertler, 2000, and

!Specifically, we take zhpr to denote the expected excess holding period return when discussing prop-
erties of our model, whereas when discussing data we refer to the average realised excess holding period

return.
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Orphanides, 2004). The so-called “monetarist experiment” of the initial years of Paul Vol-
cker’s tenure as Federal Reserve Chairman is also assumed to represent a specific regime
by some authors. An analysis of the data during these subperiods reveals that the broad
qualitative features of the term structure data are robust, even if some quantitative vari-
ations are evident, especially concerning ex-post excess returns.”> We focus on full-sample
statistics because of the need for many observations to identify unconditional means of

highly persistent variables.

3 The model

The model we employ can be seen as a simplified version of that proposed in Christiano,
Eichenbaum and Evans (2005). It also borrows heavily from Woodford (2003). The
central feature is the assumption of nominal rigidities, which generates real effects of
nominal shocks. The specification of the monetary policy rule therefore becomes important
in affecting economic dynamics. The real side of the model features a continuum of
households consuming a basked of goods, and providing labour services to firms. The
firms are monopolistic competitors and only use labour for production. The solution of
the model pins down the behavior of the stochastic discount factor, which, in turn, is used
to price nominal and real bonds, hence allowing us to recover the term structure.

Models such as those proposed in Christiano, Eichenbaum and Evans (2005) also in-
clude a large number of exogenous shocks. Here we focus on fewer shocks, which are

selected to provide a general illustration of the empirical performance of the model.

3.1 Consumers

Consumers maximise the discounted sum of the period utility

Cy— H)' ! .
U (Cy, Hy, Ly) = (tlfy) —/ x Lt (0)? di (1)
- 0

2Specifically, while ex-post excess holding period returns were close to zero on average, or even negative
for longer maturities, during the 1960-1978 period, they were large and positive on average in the second
part of the sample. The large time variability of xhpr’s is well known in finance-type studies — see e.g.
Dai and Singleton (2002) — and a puzzle by itself for microfounded models. We do not explore this aspect
of the data here, since second order approximations yield constant excess returns by construction. Other

aspects of the data, such as yield standard deviations, were much more stable in different sub-periods.
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where C' is a consumption index satisfying

cz</olc(i)951di>&, @)

H; = hC,_; is the habit stock and, by assumption, workers provide L (i) hours of labor
to firm 4.> For consistency with Smets and Wouters (2003) and Christiano, Eichenbaum
and Evans (2005), habit formation is modelled in difference form. Moreover, habit is
internal, so that households care about their own lagged consumption. We introduce
habit persistence because it has been shown to improve the empirical performance of
models, both in macroeconomics (e.g. Fuhrer, 2000) and in finance (e.g. Constantinides,
1990; Campbell and Cochrane, 1999; Dai, 2003).

The households’ budget constraint is given by
1 1
PG+ S < / wy (i) Lo (6) di + / =, (i) di + W, (3)
0 0

with the price level P; defined as the minimal cost of buying one unit of C}

P, = </01p(z')1‘9 di)lio. (4)

In the budget constraint, .S; denotes end-of-period holdings of a complete portfolio of
state contingent assets (this is not to be confused with the lower-case s used as a running
index in the infinite sums below). W; denotes the beginning-of-period value of the assets,
wy (i) is the nominal wage rate, L; (i) is the supply of labor to firm ¢ and Z; (i) are the
profits received from investment in firm 4.

Finally, complete markets imply the existence of a unique pricing kernel (or stochas-
tic discount factor, or state price deflator), denoted @Q¢41. This implies that S; =
Ey (Qtt+1Wit1).

The first order conditions w.r.t. labour supply and intertemporal aggregate consump-

tion allocation are

P; At
- Py Agpr
Qt,t—i—l - Pt+1 At )

*Note that the Frisch elasticity of labour is 1/ (¢ —1). The elasticity of intratemporal substitution

between goods, 6, should be strictly greater than 1.
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where we define the marginal utility of consumption as
At = (Ct — th—l)_7 — 6hEt [(Ct-‘rl — th>_’y] . (6)

Note that the gross interest rate, I3, equals the conditional expectation of the stochastic

-1
SR

discount factor, i.e.

3.2 Firms

Turning to the firms, the production function is given by

Yi(i) = AL(i)

A = AP (®)

where A; is a technology shock and ef is a normally distributed shock with constant

2
a*

variance o
We assume Calvo (1983) contracts, so that firms face a constant probability ¢ of being
unable to change their price at each time ¢. Firms will take this constraint into account
when trying to maximise expected profits, namely
00
max B, Y ("' Qu (PLY) - TC,) (9)
i s=t
where T'C' denotes total costs and, as in Smets and Wouters (2003), firms not chang-
ing prices optimally are assumed to modify them using a rule of thumb that indexes them
partly to lagged inflation and partly to steady-state inflation II, namely P} (ﬁs_t> o <%) L,
where 0 < ¢ < 1. We adopt the assumption of inflation indexation because it is necessary
to generate inflation persistence, a feature of aggregate inflation data which is not present
in the standard Calvo-pricing model.
The first-order condition for this problem have firms setting prices as a markup on cur-
rent and expected future marginal costs. The Dixit-Stiglitz preferences implies a demand
function for the firm of the form* Y; = (P}/F) y,. Output is demand-determined, so

that firms sell whichever quantity consumers demand at the set price. Since there is only

one factor of production, the labour demand can be found by inverting the production

“Note there that we define aggregate output in the same fashion as aggregate consumption, ¥ =

(foly(i)% di)em,
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function. The marginal cost will be given by differentiating this expression with respect
to output and multiplying it by the wage rate (which is taken as given by the producer).

Under the assumption that firms are perfectly symmetric in all respects other than
the ability to change prices, firms that do get to change their price will set it at the same
optimal level P;. Furthermore, the average level of prices in the group that does not
change prices is partly indexed to the average price level from the last period (since, by a
law of large number type of argument, those firms are drawn from the pool of all firms).

We can characterise firms’ decisions as implying®

<Pt*> 1-0(1-2) B b0 Ko,
P a0 -1) Ky
_9
Kyy = A};: Y;g + EtCﬁ_eg(1_L)Qt,t+1K2,t+1H;0%LHtlj:19% (10)
Ky = Y+ Etﬁﬁ(lie)(lﬂ)Qt,t+1K1,t+1Hl(glfg)LHfH
where II; is the inflation rate defined as II; = Pfj - and

1
—1—, II¢ 1-60 1—-0
pr (1-¢(T )

P 1-¢)

expresses the optimal price at time ¢ as a function only of aggregate variables.

3.3 Monetary policy and the natural rate of output

We close the model with a simple Taylor-type policy rule

it = —(1—pp)logB+0d(m—mf)+ kY —yi-1) + pric—1 (12)

T= pamiatel (13)

where i; is the logarithm of the gross nominal interest rate (which is riskless in nominal

2

. . . * . . . . .
terms), 7} is the inflation target and ] is a white noise shock with variance oZ..

Variants of rule (12) have been found to be empirically plausible by a number of au-
thors, including Clarida, Gali and Gertler (2000), Smets and Wouters (2005) and Hordahl,
Tristani and Vestin (2006).

’Similar recursive expressions are derived, for example, in Ascari (2004) and Benigno and Woodford

(2005), for the case without indexation.

ECB

Working Paper Series No 832

November 2007




m

ECB

We assume that the long run inflation target is zero in order to better isolate the
properties of the model in terms of risk premia. A non-zero long-run inflation target
would obviously have an impact, in particular, on the spread between nominal and real

yields. However, it would not change the risk properties of the model.

3.4 Market clearing and equilibrium

Market clearing equates supply with demand both in product and labour markets. Given
the symmetric definitions of aggregate consumption and output together with the absence
of government spending and investment, coupled with the fact that all assets must be in
zero net supply as there is no idiosyncratic difference between agents in the economy, we
obtain

Y, = C. (14)

Once aggregate output is determined, individual production levels follows from the
demand functions, and the amount of labour needed to produce such levels follows from
inverting the production function. Finally, the wage rate needed to attract that level of
hours follows from (5). Since all we need in order to price bonds is the solution for the
aggregate variables, (7), (10), (11), (12) and (14) together with the exogenous dynamics
for the shocks (8) and (13) defines a rational expectations system whose solution we now

proceed to characterise.

4 Solving the model

We solve the model relying on the second order approximation of the nonlinear relation-
ships which link (the logarithm of) all endogenous variables to (the logarithm of) the
predetermined variables. The point around which the approximation is computed is the
non-stochastic steady state of the model (see the appendix for further details).

In the rest of the paper, lower case letters will denote the (natural) logarithm of
corresponding upper case letters. The model dynamics will then be described by two
equations: a quadratic law of motion for the predetermined variables of the model and
a quadratic relationship linking each non-predetermined variable to the predetermined

variables.

Working Paper Series No 832

November 2007



4.1 Macro-model solution

The solution of the macromodel is obtained numerically using the approach (and the
routines) described in Schmitt-Grohé and Uribe (2004). For the vector z; of predetermined
variables, we obtain the (partly endogenous) law of motion

~ 1, T 1
Tpr1 = 1% + B Tieo i) Ty | + 50002 + noei (15)

where ¢1, ¢g and 1 are ny X ng, n, X 1, and n, X n. matrices (n. the size of the shock
vector £.41), respectively, and cg [i] are symmetric n, X n, matrices (the index i underlines
that there are n, different matrices, one for each predetermined variable). For each non-
predetermined variable, we obtain a similar expression. More specifically, for the marginal

utility of consumption and inflation we obtain

N ~ 1,0 . 1
A = ANz + 5:62)\9%1:15 + 5)\0002 (16)
~ ~ 1 1
Ty = T+ ga:gwmxt + §7raga2 (17)

where \;, 7z, A\so and m,, are vectors, A\, and 7., are symmetric matrices, o is the
perturbation parameter and Ty is the vector of n, predetermined variables.

Note that the nominal stochastic discount factor can be written in log-deviation from
the deterministic steady state as Gt +y1 = Axtﬂ — T¢11, where A is the first difference
operator such that AXtH = Xt+1 — Xt. Hence, the solution equations above complete the

description of the dynamics of the stochastic discount factor.

4.2 Solving for bond prices

Given the stochastic discount factor, bond prices can be derived recursively. The price of
an n-period nominal bond, B;,,, which at maturity satisfies By, 0 = 1, can be written
as By p = E¢ [Qtt+1Bt+1,n—1]. In the appendix, we show that a second order approximate
solution for bond prices, in log-deviation from their deterministic steady state, can be
written in the form

~ 1 1
b = Bl Bt + ix;Bn,mxt + 502371,(,[, (18)

n
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where the vectors B,, , and B,, 5, and the symmetric matrices B, ;. are defined recursively

as
o= )X
Bl,ao = (>\,w - 77—;) Co — Moo + tr (77/ ()\xx - 77361) 77) + ()‘;c - 77;) 7’]7’]/ ()\,w — 7T,w), (19)

Biae = ¢ (ar = Taa)c1 = Aaa + > (N [i] = 7 [i]) e2 [1]
=1
and for n > 1

/ _ / /
B - 1,z + Bn—l,zcl

n,x

Nz

Bn,rm = Bl,mm + Clan—l,mmcl + Z B7,1_171= [Z] C2 [Z] (20)
=1

Bn,aa = Bl,aa + Bn—l,aa + B1/17173300 + tr (n/Bn—l,mxn)

+B;L71,:p7777/Bn—1,x + QB;L,LmTIﬁ/ ()\x — 7I'x)

In these expressions, \; [, 7, [¢] and B,_1 4 [i] are the i—th (scalar) elements of the
Az, Ty and By, vectors, and cp [7] is the symmetric co matrix which characterises the
solution for the i—th state variable. In order to derive these expressions we rely on the
suggestion in Sutherland (2002) that first order approximate solutions are sufficient to
derive second order approximate solutions to second moments.

The above solutions for bond prices are useful because they allow us to develop a
better intuition for the determinants of risk premia. We can derive yield moments and
the market prices of risk in terms of their macroeconomic driving forces. We exploit these
expressions in Section 8 to obtain an intuition for the features of the model that generate
sizeable premia. From a practical perspective, our analytical solutions also produce savings
in terms of computational time, compared to the alternative of solving for bond prices
recursively, maturity by maturity, jointly with the rest of the model.

In addition, our solution equations (19)-(20) allow us to pin down and quantify the
bias involved in the mixed loglinear-lognormal solution approach, sometimes used in the
literature, whereby the macromodel is solved by loglinearisation methods, while bond
prices are solved using second order approximations. For 1-period bonds, for example, this
approach amounts to ignoring the second order terms A, Tyz, and 7,4 in system (19). As
a result, the second order coefficients B,, ;- and B, ;» would not be second-order accurate.

This would have implications on both the dynamic of yields and on their unconditional
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means. In our benchmark calibration, the difference in unconditional means turns out to
be small. In the loglinear-lognormal approach, average yields are biased negatively (they
are too low) by 8 basis points at the 1-quarter maturity, by 7 basis points at the 1-year
maturity and by 1 basis point at the 10-year maturity. Therefore, the loglinear-lognormal
approach produces a slight underestimation of the unconditional slope of the yield curve.

Finally, it can be noted that the second order approximation of our DSGE model
is related to the one of so-called macro-finance models (see e.g. Hordahl, Tristani and
Vestin, 2006; Rudebusch and Wu, 2007). The macro-finance approach typically amounts
to disregarding any nonlinear terms in the law of motion of the predetermined variables
(i.e. setting the matrices ¢z [i] and the vector ¢y to zero), as well as quadratic terms in
the state vector in the bond equations (i.e. setting the matrix B, ;, to zero). Constant
terms such as B, ,, are allowed, but not derived consistently with the utility function of
a representative agent. Finally, the nominal stochastic discount factor g ;41 is modelled
exogenously in an empirically flexible manner, which is also not derived from the utility

of a representative agent.

5 Matching unconditional moments of the yield curve and

macroeconomic variables

In this section, we present results based on a calibrated version of our model and argue
that it fits unconditional features of both the term-structure and macroeconomic variables
reasonably well. The following three sections will examine special cases of the model in
order to provide a better intuition for what is driving the results.

Concerning the term structure, we focus on three features considered puzzling within
microfounded models: (1) the relationship between the sign of term premia and the serial
correlation of consumption growth — a puzzle highlighted by Backus, Gregory and Zin
(1989); (2) the "large" volatility of long term yields; and (3) the sizable term premia. We
return to these puzzles after the presentation of our benchmark calibration results in this
section.

Table 1 showed that both the term structure and average excess holding period returns
— i.e. the difference between the average return from holding a bond of maturity n for

only 1 quarter and the 3-month rate in the same quarter — are upward-sloping. In the rest
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of the paper, we focus our analysis of risk premia on the latter measure, namely expected
excess holding period returns (zhpr’s). The advantage of holding period returns over
yields is that the former are not affected by first moments. While the slope in yields can
be caused purely by (risk-neutral) expectations of future policy changes over the horizon
of the yields, holding period returns have all the same time horizon as the short-term
rate. They are the most direct measure of risk premia on bonds, as emphasised by the
fact that they are all zero at each point in time and for all maturities in the first order
approximation of a model.

In terms of macroeconomic variables, we analyse the unconditional moments of con-
sumption growth, inflation and the nominal interest rate.5 The parameters values used in
the calibration, given in Table 2, are relatively standard. We mainly rely on the results
of Smets and Wouters (2005), who estimate them on US data over the 1974:1-2002:2 and
1983:1-2002:2 periods and find them to remain relatively stable. Many parameters are
also consistent with those used by Woodford (2003).

Table 2: Benchmark calibration

Q 0 0% ¢ h L ¢
0.76 788 6 345 0.69 0.66 0.63
0 K pr o Pa Pr oA Or

1.85 0.0 1.0 0995 0.999 0.0332 0.0002

Note: Other parameter values are: 5 = 0.99; x = 1/¢.

More specifically, the weight of labour in the production function is o = 0.76, the
between-good elasticity 6 corresponds to a steady state mark-up of about 15%, and the
degree of habit persistence is h = 0.69. We set indexation ¢ = 0.66, while the discount
factor is § = 0.99, as is common in the literature. The Frisch elasticity of labour is
around 0.4. We experimented with two values of the risk aversion parameter: v = 1.6,
which is Smets and Wouters’ estimated value, and v = 6, which is the valued estimated
by Fuhrer (2000). Since habits modify the relationship between the intertemporal rate of

substitution of consumption and risk aversion, we take Fuhrer’s estimate as an example

%The macro data are taken from the FRED database of the Federal Reserve Bank of St. Louis. We use
PCECC96 for consumption and PCECTPI (the personal consumption deflator) for prices. These series
are available from 1947. For our calibration exercise, we focus on data starting in 1961 for consistency

with our yields dataset.
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of high but still reasonable value of 7.7 We only report simulation results based on v = 6
in the paper. For the persistence of the shocks, we choose Smets and Wouters’ estimated
values of py = 0.995 and p, = 0.999 (Smets and Wouters actually allow for a unit root
in the inflation target). We use a value for the probability of firms not changing their
price ¢ = 0.63, which is lower than Smets and Wouters’ estimate, but more in line with
standard calibrations.

Finally, we perform a rough grid search across the values of the policy rule parameters —
the inflation and output gap reaction coefficients — and the standard deviations of the two
exogenous shocks, to maximise the match between observed and calibrated moments. The
results are an inflation reaction coefficient § = 1.85, an output gap reaction coefficient
t = 0 and an interest rate smoothing coefficient in the policy rule p; = 1.0. The rule
is therefore a "difference rule" of the sort advocated, for example, in Orphanides and
Williams (2002). The standard deviations of the shocks turn out to be 04 = 0.0332, a

high value compared to standard RBC-type calibrations, and o, = 0.0002.

Table 3: Unconditional moments and excess holding period returns

US 1961:3-2007:2 Benchmark h =0 (=0 p;=0

Var [y’tEZOJ 0.40 0.40 040 047  1.92
Var [2 0.51 0.48 041 267  2.22
Var [7] 0.39 0.20 020 066  1.32
thpra 0.28 0.18 0.07 047  0.26
Var [Ad] 0.44 0.51 243 056 047
Cov [AG, 7] —0.15 —0.03 —0.01 —023 —0.12
Cov [Aai} —0.10 —0.14/ 002 —1.08 —0.22
Cov [? ﬂ 0.29 0.20 020 0.63 163
Cor[AZ, A1) 0.23 0.67 0.00  0.62  0.68

Note: quarterly figures; unconditional variances and covariances are x10%. A
value of 0.00 denotes a quantity smaller than 0.005.

"The main unattractive implications of a high degree of risk aversion is that, with standard preferences,
the elasticity of intertemporal substitution of consumption, 1/, becomes unreasonably low. With habit

persistence, however, intertemporal substitution is larger than 1/~.
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The results of this simulation in terms of various data moments are summarised in
Table 3. The columns denoted as "benchmark" shows that two exogenous shocks are
sufficient to make our model broadly consistent with the sample features of the data
analysed here. The technology shock alone exerts a major impact on the dynamics of the
variables and drives most of the results. The main role of inflation target shocks is to
generate some volatility in inflation. By and large, the fit of data moments is reasonably
good, even if not perfect. For example, all covariances and the variances of all nominal
variables are matched extremely well; moreover, the 5-year expected excess holding period
return is sizable. However, the serial correlation of consumption growth is larger, and the
variance of inflation smaller, than in the data.

The other columns of the Table show some special cases where specific features of
the model are "switched off". The column labeled "h = 0" focuses on the case without
habit formation (all other parameters are kept as in the benchmark column). This special
case demonstrates that the high serial correlation of consumption growth is directly linked
with the habit parameter. It also shows that, without habits, excess holding period returns
would be much smaller and, at the same time, the variance of consumption growth would
increase almost by a factor of 5, compared to the benchmark calibration. The columns
labeled "¢ = 0" analyses the implication of removing price stickiness (again, all other
parameters are kept as in the benchmark column). In this case, it would actually be easier
to match the slope of the yield curve, but only at the cost of a five-fold increase in the
variance of the short-term rate and of a much steeper decline in the variance of yields.
The covariance between consumption growth and the short rate would also be implausibly
large in absolute value. Finally, the column labeled "p; = 0" focuses on a simpler policy
rule, which is more similar to the original suggested by Taylor (1993) (once again, all
other parameters are kept as in the benchmark column). In this case, there is a four-fold
increase in the variances of the short-rate and the 5-year yield, a six-fold increase in the
variance of inflation, and a 5-fold increase in the covariance between inflation and the
nominal interest rate.

We draw two main conclusions from Table 3. The first is that the assumption of price-
stickiness does not, per se, improve our model’s ability to match the data. However, price-
stickiness implies that monetary policy has real effects, so that the precise specification

of the monetary policy rule becomes important to determine economic dynamics. The
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second conclusion is that all features of the model contribute to generate the benchmark
results. More specifically, the hypothesis of habit persistence helps to generate high term
premia, while the assumption of interest rate smoothing in the policy rule ensures that
habits do not translate into excessively high volatility of short rates. Simplified versions
of the model preserve good properties along some dimensions, but tend to do very badly

in other dimensions.
Figure 1: Yield standard deviations and excess holding period returns (annualised)

Standard dewiations of vields Exceszs holding period returns

ITTRY LR
g
F L

FE)

Quarters ta maturity Ciuarters to ma Lrity

Note: Parameter values as in the benchmark column in Table 3.

The standard deviation of yields and the excess holding period returns for bonds of
various maturities are shown in Figure 1, which focuses on the benchmark calibration.
The figure confirms that the model is broadly in line with the data. The model-implied
volatility of all yields is very close to the data and, more specifically, it follows the same
declining pattern. Theoretical expected excess holding period returns are positive and
follow broadly the shape of their realised counterparts, even if they are generally a bit
lower than in the data.

We now proceed to analyse in more detail, and using analytical results, how our model
can solve the Backus, Gregory and Zin puzzle, generate a relatively flat variance of yields

across maturities, and produce large excess holding premia.

6 Solving the Backus, Gregory and Zin puzzle

— ——real . . . .
If we define ytm,, and ytm, ~ as the yield to maturity on an n-period nominal and real
bond, respectively, 7 as the short term nominal interest rate and 7 as the real interest rate

(all in deviation from the nonstochastic steady state), the unconditional slope of the term

ECB

Working Paper Series No 832

November 2007




structure of interest rates can be written as®

R e R | S ) B
. E [Covle [Z?—ln%ﬁri, An}\\ﬁnﬂ _E [Covt [7?15+17 A/)\\Hl”

where E [gﬁﬁfal - ?] = —% (%E [Vart [Anan” —E [Vart [AXM}D is the slope of the
real term structure. Note that, in the special case with CRRA utility, the real slope

becomes

__Lp <1E [Var, [A"3,.,]] — E [Var, [Aa+1]]> @)

——real A]

E [ytmn -7

h=0 2 n

The last expression is used by den Haan (1995, equation (3)) to illustrate the puz-
zle first highlighted by Backus, Gregory and Zin (1989). In the data, the first-order
autocorrelation of consumption growth is positive. Intuitively, this should imply that
the variance of the rate of growth of consumption over long periods of time will be
larger than the variance of the 1-steap ahead growth rate. As a result, the difference
LE [Var; [A"¢;1,]] — E [Var; [A%11]] should be positive, which implies that the model pre-
dicts a negative slope for the real yield curve. In the data, however, the average yield curve
is upward sloping. The puzzle is therefore that the model appears to be incapable of gen-
erating, at the same time, a positive term structure slope and a positive serial correlation
of consumption.

The relationship between term premia and the variance of consumption growth arises
from the property of simple models that term premia arise mainly as a result of pre-
cautionary savings. Compared to a world of certainty, shocks, e.g. technology shocks,
imply that the future consumption stream is uncertain. Since utility is concave in output
(consumption), expected output at any future period is always smaller than its certainty
equivalent. As a result, all households try to save more (the precautionary savings effect)
and delay consumption to the future. Since this is infeasible in equilibrium, the return on
real bonds must fall to discourage savings.

The positive slope of the term structure is due to the fact that short term rates fall

more, when compared to the certainty equivalent world, than long term yields. This result

8 This expression corresponds to the standard one obtained under the assumption of lognormal shocks

in partial equilibrium models.
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requires the effect of shocks on consumption to die out over time, so that consumption far
out in the future is less risky, and the related precautionary savings motive less strong,
than consumption in the near future.

In the next sub-sections we show how the link between the sign of the yield curve slope
and that of the serial correlation of consumption growth can be broken in most models
beyond the plain-vanilla RBC framework. This conclusion can be reached already in a
model ignoring the monetary side of the economy. We therefore proceed in two steps.
First, we illustrate our point within a real framework. Second, we emphasise how it

generalises to a monetary environment.

6.1 The real term structure

Equation (22) suggests that a model with stationary real shocks, such as the one used
here, will succeed in producing a positive yield curve slope, because it will imply that
the variance of consumption growth over the distant future is small. The difficulty for a
stationary model is to generate a positive serial correlation of consumption growth.

An intuitively straightforward manner to make consumption growth positively serially
correlated in a simple RBC model is to assume permanent shocks to the rate of growth
of consumption. However, den Haan (1995) shows that this assumption often makes the
steady state yield curve negatively sloped. Intuitively, permanent shocks make consump-
tion far ahead in the future very uncertain, notably much more uncertain than 1-step
ahead consumption. As a result, compared to a certainty equivalent world, a precau-
tionary motive will tend to depress yields on long-term bonds more than on short-term
bonds.

Throughout this paper, we therefore maintain the assumption of stationary shocks and
focus on the condition which generates a positive correlation of consumption growth. The
appendix shows that, for any model with a vector-ARMA reduced form, such condition is

1 _
Cor[AZ, Agy) = —3 (1 - pllpp2) >0 (23)
- M1

where p; and py are the first and second order autocorrelation coefficients of the level of
consumption.
It is well-known that, in a simple model where consumption follows an AR(1) process,

autocorrelations decay geometrically (i.e. py = p?) and the above condition cannot be sat-
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isfied for any value of the autocorrelation parameter of the AR(1) process. The inequality
in (23) can however be satisfied if consumption follows an ARMA process. Loglinearised
DSGE models with endogenous, or latent, predetermined variables also have a vector-
ARMA reduced form solution. These models, therefore, turn out to be well-placed to
solve the Backus, Gregory and Zin puzzle.

Condition (23) implies that the impulse response of consumption to an exogenous
shock must be more persistent than it would be if consumption followed an autoregres-
sive process. The reason why this property leads to a solution of the puzzle is clearest
when the impulse response is hump-shaped — a particularly strong type of persistence. A
hump-shaped impulse response implies that consumption growth will be positive for a few
periods, before turning negative: as a result, consumption growth will also be positively
correlated. At the same time, a hump-shaped impulse response implies that shocks even-
tually die out over time, so that the precautionary savings motive plays a minor role on
long term bonds. The average yield curve slope will therefore tend to be positive.

In the next two subsections, we first demostrate analytically how the Backus, Gregory
and Zin puzzle disappears as soon as we introduce habit persistence in a very simple RBC-
type model. Next, we illustrate numerically how other sources of endogenous persistence

are individually capable of solving the puzzle.

6.2 Special case: flexible prices and habit formation

As a benchmark for comparison, we start from the simple case of a model without habit
persistence nor price rigidities and only technological shocks.

In this case, the yield to maturity of a bond with maturity n at time ¢ can be charac-
terised as

Y, ; = an + by In A (24)

where

11—0?4” ¢ i 2
—1 _ o
1

b, —— (1= p%
n( PA)Y

.

)
[0
+y -

Qe

Note that %%L > 0, hence term premia are increasing in maturity. The term (¢/a) / (v — 1 + ¢/a)

represents the elasticity of consumption (output) to the technology shock, so that we could
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define the standard deviation of consumption as o, = (¢/a) / (v — 1 + ¢/a) 0. Using this
definition, the term structure slope can be characterised in terms of the spread between

an n-period and a 1-period bond

= ~_ 1, 11-p 2

or in terms of expected excess holding period returns
hpro, — 7= (1= pi 1) 7?02 (26)

Equation (25) corresponds to the simplest case considered by den Haan (1995, Section
2.4). Using den Haan’s calibration parameters (p, = 0.95, v = 6 and o, = 0.007), the
excess yield on a 5-year bond is slightly positive. We therefore know from condition (23)
that the model generates a negative serial correlation of consumption growth.

The Backus, Gregory and Zin puzzle disappears as soon as we introduce habit forma-
tion in the simplified model. In this case, the marginal rate of intertemporal substitution
is not simply proportional to the rate of consumption growth. The former can then be
negative, thus producing a positive term structure slope, even if the latter is positive.

In the model with habits, the explicit solution for equilibrium consumption (to a first-
order approximation) is

Ct = ToYi—1 + T3ay (27)

where

w— y/w? — 45~2h?

Ty = 28h <1
ry = (1—ph)(1—h)
v (1= Bhpa)

w = (14 Bh%) + (1—Bh)(1—h) <z—1>

and 73 > 0 and 0 < 79 < h are functions of the structural parameters.
Once again, with stationary shocks expected excess holding period returns are always
positive. We can also show that condition (23) for a positive serial autocorrelation of

consumption growth boils down to
Ty > —=— (28)

To see how this can generate a hump-shaped impulse response function, suppose we

are in the steady state (¢;—1 = 0) and that a shock a; > 0 occurs. Then ¢; = 73a;. In the
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absence of new shocks, ¢;11 = 73 (72 + p4) at, which is larger than ¢; if 79 > 1 — py4. For
pa > 0, the condition 79 > 1 —p, implies that 79 > (1 — p4) /(1 4 p,) is always satisfied.
As a result, a hump-shaped impulse response to shocks ensures that the condition for
positive serial correlation of consumption is satisfied.

When ¢ = o = 1, the solution for the natural rate of output can be simplified further

" 1 (1-Bh)(1-h)

1 —Bhpy Y

where the condition for a hump-shaped impulse response becomes simply h > 1 — py.

¢ = hei—1 + ag (29)

In this case, expected excess holding period returns are also described by a particularly

simple expression

S 1—p, B2\ 2 .
hpry , — i = <1—pil4ﬂh> (1—p%)o* (30)

As in the flexible-price model without habits, integrated technology shocks annul
zhpr’s at all maturities. For stationary technology shocks, however, expected excess re-
turns can be increasing in their persistence. This feature is suggestive of how the more
general model used in Section 5 can match average excess holding period returns in the

data without necessarily generating a low volatility of yields at the same time.

6.3 The nominal term structure

In a monetary economy, inflation risk premia could generate a positive yield curve slope,
even if the real yield curve slope were flat. Equation (21) shows that two components
matter in this respect. The first one on the first line of the equation is a convexity term,
while the last component is the true inflation risk premium. In general, the sign of these
terms will be determined by factors analogous to those discussed with regards to the slope
of the real term structure.

More specifically, the convexity term involves the difference between variances of in-
flation over long periods and 1-step ahead. Since inflation is even more positively serially
correlated than consumption growth in the data, this term will tend to be positive — thus
weighing negatively on the nominal term structure — in simple models where inflation fol-
lows an AR(1) process. As in the case of consumption, a hump-shaped impulse response of
inflation to shocks will tend to be associated with a positive contribution of the convexity

term to the nominal slope.
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As to the inflation risk premium proper, the serial correlation effects discussed so far
interact with the sign of the covariance between the rate of change in the marginal utility
of consumption and the inflation rate. In the CRRA case, the risk premium boils down to
— (%E [Covy [D o1y Tt A"Cin]] — E[Covy [Ti41, A€t+1]]). Given the persistence of both
consumption and inflation, one could expect their covariance over long periods of time to
be larger than the 1-steap ahead covariance. In this case, the inflation risk premium will
tend to be positive when consumption growth and inflation are negatively correlated. In
more general models, however, the 1-step ahead term may prevail and a positive risk
premium would require a positive covariance between consumption growth and inflation.

Table 4 presents the results of numerical simulations based on various simplified ver-
sions of our baseline model to illustrate how sources of endogenous persistence other than
habit formation can lead to a solution of the Backus, Gregory and Zin puzzle. We focus on
cases where technology shocks are the only source of exogenous disturbance to the system
and analyse the consequences of introducing various sources of endogenous persistence in

the model.

Table 4: Simulation results: the serial correlation of consumption growth

Corle,c11]  Cor[At, Acyq]

data: US 1961:3-2007:2 1.00 0.23
Flex prices: ( =0
h=1t=p;=0 0.99 —0.002
h=10.68;t=p; =0 1.00 0.622
Sticky prices: ¢ = 0.63
h=1t=p;=0 0.99 —0.002
h=0.69ct=p;=0 1.00 0.680
t=0.66;h=p; =0 0.99 0.002
pr=10h=1=0 0.99 0.002

*

: a value of 1.00 indicates that the correlation coefficient is larger

than 0.995. ) ) ) )
Note: the othe parameter values are as in the main calibration

exercise, except for o, = 0. The slope of the yield curve is positive
in all cases included in the Table.

Once again, the Backus, Gregory and Zin puzzle is replicated in the plain-vanilla
model, and solved as soon as we introduce habit formation, irrespective of whether prices
are flexible or sticky (see the rows 2 to 5 in the Table).

With sticky prices, the puzzle can be solved even without the assumption of habit

persistence. Inflation indexation or interest rate smoothing are also sufficient to generate
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persistence in the response of consumption to shocks, hence to make the model consistent

with the signs of both the yield curve slope and consumption growth.

7 Matching the large variance of yields

As already emphasised, a stylised fact from Table 1 is that the standard deviation of
yields at all maturities is not too different from that of the short term rate. The standard
deviation of 5-year and 10-year yields is approximately 90% of the standard deviation of
the short term rate. Den Haan (1995) argues that matching the standard deviation of
long term yields is particularly difficult within a simple flexible-price general equilibrium
model. Intuitively, the difficulty is to generate sufficient persistence in the short term rate
to ensure that its variability is transmitted almost one-to-one to long term rates.

The problem of inducing sufficiently high volatility in yields can be seen most clearly
in the case with one state variable, where (see the appendix)

Std [ytm,| 11

sa] ni-e .

where p is the serial correlation of the state variable and n is the maturity of the yield.

Clearly, the only way to boost the volatility of long term yields is to induce a near-random

walk behavior in the state variable. More precisely, note that 11__’): is increasing in p and

it is therefore maximised for p = 1. In practice, p needs to be very close to 1. The
ratio between the standard deviations of the 5-year yield and the 3-month rate would only
equal 0.64 for shocks with a serial correlation equal to 0.95. Even with a persistence of
the shocks equal to 0.99, the ratio would reach 0.91 for 5-year yields, but only 0.83 at the
10-year horizon.

Hence, our model generates a roughly flat volatility of yields at all maturities through
an extremely high persistence of exogenous shocks. In simple models, this assumption is
problematic because expected excess holding period returns tend to be decreasing in the
persistence of shocks, especially when shocks are near random walks — see e.g. equation
(26). This generates a tension between simple models and the data. In the next section,
we investigate the determinants of the relatively good performance of the model also in

terms of excess holding period returns.
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8 Term premia and the market price of risk

A large expected excess return on long-maturity bonds could be generated through two
channels: an increase in their non-diversifiable riskiness; or an increase in the premium
households require for given amount of risk. Since the variance of yields of different
maturities is similar, the first route appears to be less promising. For this reason, in
this section we focus on the notion of the market price of risk, developed in the finance
literature. We first derive a decomposition of expected excess returns which highlights the
role of the price of risk. We then illustrate how price-stickiness and other features of the
model affect prices of risk, when compared to a plain-vanilla model with flexible prices.

In order to understand the determinants of expected excess holding period returns, it
is first useful to analyse separately the real and nominal versions of such returns. These
can be written as (see the appendix)

——real

hpry, —7 = —oX, (I —ci ) né, (32)
hpro, — i = —o (A, (I—e) +mhel) (I—e) ™ (I — ™) ne (33)

where £, = —on'\; and £ = o1 (7, — Az).

n—1

For the nominal expected excess return, the term o (X, (I — ¢1) + 7,c1) (I — ¢) ! (I-cY)n

can also be written as B;z—l,z/r/g and it therefore represents the impact of a standard com-
bination of shocks on the price of a bond with maturity n — 1. From this viewpoint, this
term can be interpreted as the "amount of risk" borne by an investor holding the bond,
namely the typical fluctuation which the investor can expect from the bond price. In the
financial literature, the vector £ is referred to as "nominal market price of risk" and it
indicates how the amount of risk translates into pricing.

The notion of market price of risk is interesting because it is independent of the specific
characteristics of the asset being priced. In our case, the amount of risk for yields is
obviously maturity-dependent, while the price of risk is identical for all bonds. The market
price of risk represents a general measure of how a certain economic model translates into
risk pricing, without the need to consider the specific features of individual assets. We
show below that it is also a more comprehensive measure of risk than the curvature of the
utility function with respect to consumption (the coefficient ). Other features of a model
can in fact contribute to affect the way risk is priced, as is obviously the case in models

with habit persistence, where the coefficient v does not directly measure risk aversion.
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The nominal market price of risk can, in turn, be split into a real price of risk and an
inflation price of risk component. The former can be identified from the expected excess
real holding period return displayed in equation (32). In this equation, A, (I — c?_l) no
measures the impact of any exogenous shock on the price of a real bond, and it therefore
represents the amount of real risk borne by an investor holding a real bond of maturity
n—1. The vector £, measures the relevance of that risk for the utility of the representative
household and it can therefore be named "real market price of risk". For nominal bonds,
the market price of inflation risk can therefore be defined as the difference between the
price of nominal and real risk. From the definition of &, the market price of inflation risk
is &, = on'ny.

To a second order approximation, the market prices of risk depend entirely on first-
order terms in the reduced form of the model. They can therefore be characterised ana-

lytically in a few special cases of our general model.

8.1 The plain vanilla flex-price model and technology shocks

In the case without habits nor inflation indexation and with flexible prices (i.e. h =1 =
pr =k =( =0), the market price of technology risk is
)

Exhero=7—2—04>0 (34)
Mh=¢=0 511~

o

In this case, a higher disutility of labour, ¢, matters because it increases households’
aversion to changing their hours worked over time. The more inelastic labour supply, the
more any technology shock will be transferred one-to-one to output and consumption. At
the same time, this effect requires an elasticity of intertemporal substitution of consump-
tion (1/7) different from 1. A low elasticity of intertemporal substitution is associated
with a less elastic response of output to shocks, since it reduces consumers’ willingness to
change their consumption patterns over time.

The market price of risk increases monotonically in both v and ¢. A special case of this
model occurs when o« = ¢ = 1, so that both labour supply and the production function

are linear in labour. In this case, £ Ah=(=0,2=1 = TA; SO that the market price of risk o4

irrespective of the coefficient of relative risk aversion.
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8.2 The plain vanilla model with sticky prices and technology shocks

In the case without habits and in which prices are sticky and the policy rule only reacts
to inflation (h = ¢ = p; = k = 0), we can look at both prices of real and nominal risk

associated with technology shocks. The prices of risk are given by

]
g = —c 35
Ejh=0 7%—1+VQ A (35)
1 —pa
§7r = = =9 é. = 36
h=0 5=, =0 (36)

where

SEroTCETS [”C<(1_M§(—1p_fm)9 @1) 65—_p1/4ﬁ§:2’2:”<)]

and we focus on determinate equilibria assuming ¢ > 1.

Q

It can be demonstrated that y;,—¢ is always positive for p, < 1. More importantly,
the market price of technology risk is always lower in a sticky-price equilibrium than in a
flex-price equilibrium. The intuition for this result is straightforward. The price of real
risk depends on the extent to which exogenous shocks generate non-diversifiable volatility
in consumption. In a flexible price model, technology shocks will lead to a change in
consumption demand and in firms’ production levels. In a sticky price model, the same
shocks and the same change in the demand for consumption goods will partly be met
by changes in firms’ prices. In equilibrium, therefore, aggregate consumption will change
less and, consequently, the volatility of consumption will decrease. The lower volatility of
consumption in sticky price models is associated with a smaller price of technology risk.
As a result, the assumption of sticky prices does not help by itself to better match the
upward-sloping term structure of interest rates.

The difference between market price of real risk in the flexible and sticky price versions
of the model will be crucially affected by the monetary policy rule. More specifically, the
price of risk is increasing in the size of the inflation response coefficient of the monetary
policy rule. The reason is that a higher § brings about lower inflation volatility, but higher
volatility of consumption. In the limit of an infinite response coefficient, the volatility of
real output is maximised and the market price of real risk becomes identical to the flexible-
price case. This explains why expected excess holding period returns increase, in Table 3,

in the flexible price column "¢ = 0".
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At the same time, technology shocks bring about inflation risk in the sticky price model.
Since 3 (1= pa) / (5= pa) < 1,and D16 (1 = pa) / (5 = pa)) /95 < 0,0[5 (1= pa) / (6 — pa)] /Ops <
0, the market price of inflation risk is always smaller than the price of real risk, and it
is also decreasing in both p4 and §. It is high for low values of §, and smaller the more
decisive the central bank’s response to inflation deviations from target.

The total nominal price of risk §,—g = §\jp=0pa (0 —1) /(6 — p4) in the sticky-price

case is also smaller than the price of real risk in the flex-price case.

8.3 The flex-price plain vanilla model with technology shocks and habits

Under flexible prices and with habit persistence (i.e. ¢ = p; = kK = ( = 0), the real market

price of technology risk is

¢ _ 91+ Bh% = Bh(1+pa) T2
W= B —pa)

(37)

where 79 and w are defined above and

2vh
7 >1
w — y/w? — 48~2h2

In this case, the market price of technological risk increases significantly compared to

T1 =

the plain vanilla case. This can be immediately appreciated when ¢ = a =1

_ 1= paBh?

5,\|§:0,§:1 = WUA (38)

Under these assumptions, the market price of risk is always larger than in the plain-
vanilla model, because % > 1. Equation (38) is plotted as a function of p, and h
(and for f = 0.99 and 04 = 1) in Figure 2. The figure shows that the price of risk is larger
than in the plain-vanilla model only for a high persistence of technology shocks, as well as
high, but not too high, habits. The price of technology risk is a nonlinear function of the
habits parameter: it is initially increasing in h, but at some points it reaches a maximum
and then it becomes decreasing in h. For the standard value of 8 = 0.99, the maximum
value of the price of technology risk occurs as py — 1 for h ~ 0.9; it is approximately
equal to 1.7 for the h = 0.69 value of our benchmark calibration. In the more general
case of equation (37), using parameters values as in our benchmark calibration (but again

o4 = 1 for ease of comparison), the price of technology risk would increase to slightly over

3.9.
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Most of the intuition from this special case carries through to the more general model,

which we analyse numerically.

Figure 2: The market price of technology risk as a function of p, and h.

Note: special case where o = 1.0 and ¢ = 1.0.

8.4 The market price of technology risk in the full model

The calibration in Table 2 and Figure 1 generates a vector of market prices of risk, in
annualised terms, approximately equal to 0.2 for technology shocks, negligible for inflation
target shocks.” To compare this figure with the special cases analysed before, it can be
noted that, for 04 = 1, the market price of technology risk would be approximately equal
to 3.1. This value is lower than the one which was obtained in the previous section within
a model with habits and flexible prices (in the general case ¢, a # 1). This suggests that
habit formation is the main feature of our model which is necessary to generate the high

excess holding period returns. The additional features of the model actually reduce the

9We compute the annualised market price of 1 unit of risk as v/4¢.
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model’s ability to generate high term premia. They are necessary, however, to prevent
habit formation from producing undesired consequences on the variance of short-term
rates.

We analyse the sensitivity of our benchmark result in Figure 3, where we perturb
individual parameters from the benchmark specification and check the implications on the
market prices of real risk. A similar exercise conducted on the market prices of inflation

risk would show that these always remain negligible.

Figure 3. Sensitivity of the price of real risk to various parameters
[percertage changes from the bazeline)
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Mote: all changes are with respect to the benchimark calibration exercize

Consistently with the results of the simplified model, Figure 3 highlights that the
relative risk aversion coefficient, the habit persistence parameter and the elasticity of
labour supply are the most important parameters affecting the market prices of real risk.
Changes in the value of all these parameters can lead to variations in the market price
of risk of up to £50%. The inflation response parameter ¢ is also important, but it can

only generate variations of about 10% in the market price of risk. Inflation indexation,
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which helped to solve the Backus, Gregory and Zin puzzle, and the degree of interest
rate smoothing, which was important to generate the correct variance of yields, play a

negligible role on the market price of risk.

8.5 A Fisher-type decomposition for holding premia

We conclude this section with a Fisher-type decomposition of holding premia.

Expected excess holding period return on nominal bonds can be written as

— ~ ——real . ~ ~
hpry , — it = (hprm — rt) + (rpt,n — Tth) + convy p, (39)
where
——real __ _
hpry, —m = W (I—c} 1) ' Az
PDin — i1 = 0N G} 'nép — oy (I — c1) ™! (I =) cnéy
convy, = —0'27r;cl (I — cl)_1 (I — c?_l) ' 7y

Hence, nominal xhpr’s are equal to real xhpr’s plus two terms which arise because of
inflation risk: an inflation risk premium and a convexity term.

The excess inflation risk premium, in turn, includes two components. The first,
—or! (I — cl)_1 (I — 071‘_1) c1néy, is due to the risk of a surprisingly low real return on
long term bonds because of the possibility of future inflation surprises. This risk is valued
using the market price of real risk, £,, and it is such that positive premia are associated
with a positive correlation between inflation and the marginal utility of consumption. The
intuition is straightforward. Inflationary shocks are relevant to the household only to the
extent that they have an impact on marginal utility. A positive covariance implies that
an inflationary shock, which generates a surprise reduction of the real return on nominal
bonds, produces, at the same time, an increase in the current marginal utility of consump-
tion with respect to expected future marginal utility. In this sense, inflationary shocks
have adverse effects and households try to ensure against their occurrence by requiring a
risk premium on nominal bonds. The second component of the inflation risk premium,
0)\;56?717757” represents instead the possibility that future surprises in the marginal utility
of consumption will affect inflation over and above their direct effect on the real excess

holding period return. This sort of risk is valued using the market price of inflation risk.
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The convexity term, convy,, is linked to the variance of inflation. When shocks tend to
be positively serially correlated (formally, ¢; (I — 01)71 (I - crffl) nn’ is positive definite),
the convexity term is always negative and tends to reduce the nominal zhpr.

Figure 4 shows the above decomposition for the benchmark case considered in Table 3.
Clearly, the real xzhpr plays a vastly predominant role in shaping the nominal zhpr at all
maturities. The inflation risk premium is small around the 1-year maturity and virtually
zero for other maturities. The convexity term is negligible across the whole maturity
spectrum.

It should be emphasised here that our results regarding the size of inflation risk premia
rely on a model where there is full credibility of monetary policy and where the inflation
target, albeit time-varying, is well-anchored in the long run and perfectly understood
and known by all agents. Relaxing these assumptions could obviously lead to different

conclusions on inflation risk premia.

Figure 4: Decormposition of steady state excess holding period returns
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Note: Parameter values as in the main calibration exercise: v = 2.6. The
horizontal axis gives the maturity in quarters.
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9 Conclusions

This paper analyses the term structure implications of a relatively standard microfounded
DSGE model with nominal rigidities. The model includes features typically embodied in
DSGE models with sticky prices, such as inflation indexation, interest rate smoothing and
habit persistence. Our interest in analyzing such a model originates in the fact that the
literature has largely been unable to reconcile features of bond yield data with those of
macro data within general equilibrium frameworks.

Using second-order approximate solutions to allow for a meaningful role for risk pre-
mia, our results show that DSGE models that incorporate the above-mentioned features
are much closer to term structure data than previously thought. A relatively simple ver-
sion of the model with only two persistent exogenous shocks can replicate quite well the
sign and size of average excess holding period returns and the variance of yields across
the term structure without unrealistic repercussions on the unconditional moments of
macroeconomic variables.

While our approach based on second-order approximations allows us to derive model-
consistent term premia endogenously, it can generate only time-invariant premia by con-
struction. Hence, although we are able to match relatively well average features of term
structure and macro data over a long period of time, the model is silent on any possi-
ble time-variation in risk premia. Given that the empirical finance literature has shown
that risk premia do seem to vary over time (see e.g. Duffee, 2002 and Dai and Singleton,
2002), the ability of DSGE models to yield state dependent prices of risk that can match
dynamics in observed data remains an important topic for future investigation. In order
to address this issue, we must either assume shocks to be conditionally heteroskedastic
(see for example Canova and Marrinan, 1996) or employ approximation methods for the

model solution of order higher than two.
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A Appendix

A.1 Calvo pricing

The optimisation problem for the firm under Calvo pricing is to maximise the stream of
future profits based on a price which, with probability ¢, will not be re-optimised in the
future, but simply indexed to an average of steady-state inflation, IT, and lagged inflation,

P,/P,_;. The problem can be stated as
0 e N1t [P t . et 1— f’1 t
max B, > QP (Hs t) < H) Y [Pz (HS ) < s ) }
1 t;< Qus P 5, ) ¥ |D P
o0 L
s—t i | pi (Tt Ps1

v $seae (i [n () (32)])

where T'C represents total costs and square brackets indicate that output at time ¢ + s,

<><>>Y

Y!, is a function of the price set at time ¢, namely Y} = ( yea

The FOCs can be written as

il

By Qe (-0 (07) 7 (52 ) Wil onme, Y1) =0
s=t _

t

where marginal costs mcs are given by

s t\17L P ¢ -0(%-1)
e ()L
a Ag P

Substituting in this expression and rearranging terms, we obtain

-¢ _ —02(1—1) -2, piN—02 @
. —t Ag @ Py s—1 @ Ps_ @ P o a
Pl _ o BT Qe (1) (7z) " (#) "x

P; « E, Zzit CS_tQm 0—1) (ﬁsjt) 0 (];:j)(lieﬁ (%‘)79 Y

Since all firms are identical in all respects but the time when they have the opportunity

to change prices, the optimal decision they face at time ¢ is the same in expected terms.
They will therefore select the same price when they are given the opportunity, Pf = P,

so that the above expression can be written as

P

O=0 gy g () (52 () 'y
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In order to approximate these relationships, we would like to get rid of the infinite

sums. For this reason, we define

_9® o .
iy, AvT e 020 (P \ R P\ TIRTT e
Koy =E s=tQ, 22 (H ) s P, .
2 t;f Qs Qﬂl n
so that
_e . »
A o 9 7_9Q(1_L) Pt—l QQL Pt+]_ 1+ =
K - E,i @ [e% i1
2,t X Y;f +EtCH Qt7t+1K2,t+1 Pt Pt
t
and - 0
S o s\ (1= (1=0) (P, \VT P\
K ;,=E s—t s(H t) < ; > () v,
1t =By SE_t ¢, o 5
so that

—(1-0) 0

—(1—0)(1—¢ P_ P,

K1y =Y+ B 000, Ky (22 ae
P, P,

Hence, the first order conditions of the firms optimisation problem can be written as

p
Pj 1_0(1_5) _ L)CQKQ,t
2 a(@—1) K,
s
Ao s — 02 (1 —0% L1402
Koy = i Y, + E«T a L)Qt,t+1K2,t+1Ht L
t

=(1-0)(1— —0)¢
Kiy = Y+ Bemt ot )Qt,t+1K1,t+1H§1 ? I,

)

that are reproduced as equations (10) in the text.

Finally, note that the aggregate price can be written as

1

v\ 1-607] 1=6
o ()
P o

1
—1— It 1-6 1-0
pr [1-¢(MT 5

B (1-9¢)

P =

so that

A.2 Steady state

From (10) and (11) we get

Y
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Ky, = YgAflAfg i QHfG%(IfL)HfOL%QH1+0§K2
YeAlA-%
1 —¢lQ

Dividing these two expressions gives

Ko P_1,-14-¢
— =Yoo ATTA .
Ki

By construction, A = 1, which hence simplifies the above to

Ky ¢ _14-1

2 —Ya AL 42

s (42)
Next,

Kgyt _ 9 -1 i (43)

Ky 0  ox

Furthermore, from (6),

A = (Y —hY)"—hB(Y —hY) "

A= (1-h)771-h)Y" (44)

Combining (42), (43) and (44),

2 _ q_pa-ongy—tote
Y (1= )77 (1= hB) Y ==
o 9—].OZ l—hﬂ g-&-'y—l
v = (o) )

(45) is our first result: it tells us how the steady state level of output relates to the
structural parameters.

Since steady state output equals steady state natural output, the policy rule gives

I = ﬁ—lﬂﬁ
The Euler equation (7) gives us

1

Z — Bt

7 B

I = g7 (46)
Combining these two equations,

n = 1

= 1,
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and then (46) gives I. The definition of ) then gives

N
Q-1

Then (40) and (41) give us K; and K».

A.3 Model solution

The approximate solution of the model is computed following Schmitt-Grohé and Uribe

(2004). First, we collect all first order conditions in a vector function F' such that

Fy(z,0) = Eof (241, 20, g1, 2¢) =0

where z; is the vector of (natural logarithms of the) predetermined variables and z; is
the vector of (natural logarithms of the) non-predetermined variables. More specifically,
!/

. / .
Ty = [Tp—1,Ys—1,0—1,0¢, 77| and 2y = [k, ko, Te, %, Y, Ae) . In Fy, o denotes a scalar

perturbation parameter, such that the law of motion of the exogenous state variables

exog

at (Where xfrog exog __ _exog

= las, 77]') can be written as zy}} = ["2{" + fjoei4q, for a known
Ne X N matrix 7.

This system of equation is then solved nonlinearly at the deterministic steady state,
namely where z;11 = ¢ = T, 2,41 = 2t = zZ and 0 = 0. Next, first and second order
approximate solutions are derived recursively.

In the first order case, we postulate that the solution is affine, namely that z; =
Z+zy (v —T)+ 200 and 2411 = T+c1 (2 — T) + o0 +noegq1 (where 1 is a ny X ne matrix
including zeros for the rows corresponding to endogenous predetermined variables and 7 for
the rows corresponding to the exogenous states). When these expressions are used in the
first order derivatives of F} (z4,0) with respect to x; and o evaluated at the deterministic
steady state (Z,0), we obtain a system of linear equations which can be solved for the
coefficients z,, z,, c1, ¢y. Since it is in general the case that z, = ¢, = 0, the first order
solution can be written as (using a hat to denote deviations from the deterministic steady
state) zy = z,%; and Typ1 = 17 + noeg1 where z, and ¢ are now known parameters.

The second order solution is obtained following exactly the same steps, except from the

fact that second order derivatives of F; need to be computed. The result can be written

ECB

Working Paper Series No 832

November 2007

m



m

ECB

as

— ~
Tz [1] T
Zr = 2.4+ — 4+ = 2550

2| ~ ~ 2
T} 2gn [N2) Tt

2

1 Theo [1] 7 1

~ ~ 2

Tiy1 = C1T¢+ B + 5C00 +NoEt1
Tjco [ng] Ty

where z,, [i] and ¢ [i] are symmetric n, X n, matrices.

A.3.1 Special case: flexible prices and habit persistence with technology

shocks

In this case (i.e. ¢ = p; = k = ( = 0), the log-difference of the natural output equation is

exactly

_)\t_¢at+(¢—1>yt:0
[0 (0%

while a first order approximation of the marginal utility of consumption is
(1—Bh) (1 —h) N == [(1+ Bh?) e, — hey—1 — BhEc41) (47)

Combining these equations, we obtain

¢(1—ph)(1—h) w

T ek T

+ 87 + B

where we define w = v (1 + Sh?) + (1 — Bh) (1 — h) (g - 1). This equation can be fac-

torised as

91 —Bh)(1-h) ar = (1 —71L) (1 — 72L) By 41

afvh
where, using (1 — 71L) (1 — 7oL) = 1 — (71 + 72) L + 7172 L%, we define

Tty = B
n w
T1+79 = —
Bvh
It follows that 79 solves
w
,3_1+72— -T2 =0
> Byh
whose solutions are
w w —1
i £ \/ () 45
Ty = 5
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The stable root is given by

w — y/w? — 4~2h?
28~h

Since 71 is unstable, it has to be solved forward, which is why we take out 71 L

_¢(1—=Bh)(1-h) ar =1L (r7' L7 = 1) (1 — 72L) Egyen

T =

afvh
so that
1-6h)(1—-h 1
(1—7el)yr = ? agvi);l ) 1— Tl_lpAat
and we finally get
Yt = ToYt—1 + T30t (48)
¢(1=Bh)(1=h)

where 73 = aByh(T1—pa) "

A.3.2 Special case: flexible prices with technology shocks

In the absence of habits (i.e. h =t = p; = k = ( = 0), the special case above boils down
to simply

ag
+

— Qe

Yt =

Qe

A.3.3 Special case: sticky-prices with technology shocks and without any

other sources of endogenous persistence

In this case (ie. h = ¢ = p; = kK = 0), the solution is more cumbersome. We use

Mathematica code to show that

[}
:70[ Qa
Yt %—l—knyt
@
L—pa o
) & a
where
1 <1—pA><1ﬁpA>e<¢ ) 5-1  _0-p
0= 1+C( - =1 - - B + B¢
(1—0(1—5()[ d—pa a d—pa d—pa

Note that the term

?—1+’yQ>O
o

is always positive, since this implies (recall (1 — ) (1 — 5¢) > 0)

)

_ _ _ 2
(£-1) (a=00-p0) 42¢ETLYCZPITY o (14 52) 5 905 = 4ap § =22

0—pa

PA 0—pa
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or

(&-1) (a-00-p0) 42T EEITY oy (1 = iyt =24 > ool —La)
Q d—pa d—pa 0—pa

or

(1—pa)(1—PBpa)0 (1—pa) (1 = Bpa)

) )
-1 1-¢0)(1—-p¢)+ +v(1—=¢) (1 —¢B)+ >0
(£-1) (a-0 -0+l Y= 0) (1 (e LAl
which is always satisfied for p, < 1.
It is also the case that
[ [

(07

< (63
¢ 2
c—1+7Q S -1+y

namely that this coefficient is smaller in the sticky-price than in the flex-price case. This

condition implies

o o
a _ < o
2 1y { b [T+ (GafBenl (8 _q) _ =L gty go) |} E-14
or
- —Bpa) 6 5— 5— p?
o-onsocrsc(IHIS o) ottt

or

¢

=050 <th (=pn) =800 0 (£ 1) (G- 1) =5 6- ) +5¢(6-p))

or (since 0 > py)

(6—pa) A+BC=C(B+1) <@ —pa) (1+B)+C(L—pa) (1—Bpa) 6 (2 —1>—<<6—1)—Cﬁ (6 —p2)

or finally

0< ¢ pa) (1= Bpa) + (= pa) (1= o6 (£ -1)

which is always satisfied.

For positive correlation coefficient p4, the term 5(51_;;1;” < 1 because py (6 — 1) > 0.

5(1-p4) . 9%(=ra) o
Also % = —% < 0 and g,;j; 4 = — (pi:;))Q < 0. Hence, the reduced-form

inflation coefficient is always smaller than the output coefficient, and it is also decreasing

in both p4 and §.
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A.4 Slope of the term structure

By definition,

Bipin = Bt [Qtt4n]
and note that the non-stochastic steady state is such that B = @ and In B = In Q. Now
note that for any variable X, a second order approximation around the log-steady state is

X=z (1 +7T+ %32), so that (simplifying the notation from By yy to Byp)

b (1 + b+ ;Efn> = E [q <1 + Gen + ;Z]\?+n>:|
= qE [1 + Gn + ;‘1At2+n]
or
gt,n = Fy [Z]\H—n + ;‘/J?Jrn] - %Egn

An expression for Bfn is needed, which can be obtained from its first order approxima-

tion. The latter can be denoted as

so that
b, = (Bi[Gin)’
- N 1 » 1 -
bin = Etl|Qin] + §Et (@ 1n] — B (Bt [Gi4n))?

The price of a 1-period bond is therefore
~ . ~ 1 ~
b1 = —it = By [qr41] + iv‘" [G2+1]

Now note that the log-stochastic discount factor is g;;4+1 = AXHl — T¢41, so that

N ~ ~ no~ ~ N~
qtt+n = Atpn — Apgp1 — Zizl T4s = An)\t+n - Zizl T+ and

An}:t+n — Z 7ATt+i]

n

~ ~ N 1

bt,n = Et [An)\t+n] — E Et [7Tt+i] + §Vart
=1 =1

Since y/tﬁnt’n =—(1/n) Bt,m we also obtain

_Et {ARXH"] n > i Bt [Tl

ytmt,n = n n

An}:tJrn - Z %tﬂ']

11
— Z—Var,
2n .
i=1

R TR I > e A CRY

n n 2 n
1 Varg [ 00 @iy n Cove |30y Tetis An/\t+n]
2 n n
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and note that

-~ — T ~ 1 N 1 =~ = N\
1t = ytmm = —Et |:A>\t+1:| +Et [7Tt+1] - iVart |:A>\t+1:| - iVart [7Tt+1] +COVt [7’[',5_;,_1, A)\t—l—l]

It follows that

y/t;zt’n —jL'\t = <1Et |:A >\t+n:| — Et [A/)\\t+1:|> — % <1Vart [An}\\t+n] — Vart [A/A\t-i-l])
+ (z:lzlﬁim — Et [7Tt+1]> - = ( Vart Zﬂ't_ﬂ Vart 7Tt+1]>
+ (’rlLCOVt 2 %tJri, An/):t+n] - COVt [7/1\'t+1, Al)\\prl])

The unconditional slope is therefore

1 (E [Vart [A”/)\\Hn”

B [@t,n _’th} _ -3 - —E [Vart [A/Xt—&-lﬂ
7% <E [Vary [Zn?l Tt — E[Var [ﬁt+1]]>
+E {Covt [2?1:1‘/“’ A”)\HnH —E [Covt [?t+1, AXH—IH

Real returns can be obtained similarly as

E; [A”XHn} 1 Var, [A”/)\\Hn}

n 2 n

——real

ytmt,n ==

where again note that

——real

re=ytmy, = —E [A)\Hl} — fVart |:A>\t+1:|

Hence

——real ~

ytmy,, —7rp = — (:LEt [An/):t+n:| —E [AXMD % ( Vary [A )\Hn} Vary [A/)\\t+1:|>

)

and

sl o] =4 (TN v 35

In the special case with CRRA utility, A"Xn = —yA"Yp,.

Working Paper Series No 832

November 2007



A.5 Solution for bond prices

Recall that

1 1
~ ~ ~ o~ 2
Tyl = C1T¢+ 5 TiCioTy | + 5600 + noeg

~ 1 1

! = ~/ -~ 2

At = AT+ §$t)\w:v33t + 5)\000

~ _ ]~ 1/\/ o~ 2

T = Tt + §-Tt77'a:x$t + 571'000

and stack the state variables to write
~ ~ 1 7. 1 5
Tty1 = 1Tt + 5 | Ticiate + 57 ¢ + ONEL+1

where now c; is a n, X n, matrix, cg is a n, x 1 vector, ¢;2 are n, matrices of dimension

ng X ng each, and finally 7 is a n, X n. matrix.

A.5.1 1-period bonds

Even if this is known from the solution for the short term rate, it is instructive to derive first
the price of a 1-period bond. For this purpose, note first that a second order approximation

to the stochastic discount factor is

~ Y 1. N N 1. N 1
qtt+1 = ()\; - 7720) Ti41 + §x£+1 (Azaz - Wxx) Ti4+1 — )\lxxt - ixgﬁ)\wth - 571'000'2
or
R R 1 e
Qi1 = ((\p—mp)er = Ap) & + 5 (X = 72) | Theinds
1y, ~ 1, ~
+§-'17t01 (>\mc - 779036) C1Tt — th)\xxxt
1 1
+§02 (A; — w;) co — 5770002

1
+o ()\; — 77;) NE+1 + iaxgc'l (Apz — Taz) NEL+1

1 . 1
+505£+177, (Azz — Tea) C12¢ + 50252“77/ (Azz = Taw) NEL4+1

Now recall that the price of a 1-period bond is

—~ . 1 < ~
by = —is = B¢ [Grn] + 5 (Et [@1] — (B [Qt+1])2>
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for which we need

Er (@] — (Bel@i))* = o® (X, — ) | (N, — )’

and
. 1 PR 1
Ei [Gre41]) = ()\; — 71';) 1T + 3 ()‘; — 71;) TheipTy | + 502 ()‘; — 71;) co
]‘ -~/ / =~ 1 2 / /
+§xtcl (Ao — Taz) 17T + 5 E; [EtHn (Apz — Taz) n5t+1]
1. 1
_Aévxt - éx;:)\w;tl't - 577000'2

Now note that, for any matrix A and vector z,
E[2'Az] = E[vec(a'Az)]
= E[2' ®2'] vec(A)
= (vec (E [z2/] ))/ vec (A)
where the vec operator transforms a matrix into a vector by stacking its columns. It

follows that

By (2417 (Aae = o) miin] = (vee (1)) vee (1f (e — 720) )

= tr (77/ (sz - sz) 7])

where tr represents the trace, i.e. the sum of the diagonal elements of a matrix.

Hence,
~ 1
bt71 = (()‘,m — ﬂ-/x) C1 — )\;) Tt + 50-2 (()\gE — 7'(';) Co — ﬂ'go-)
1 1
+§02tr (77/ (Apz — Taz) 77) + 502 ()\; — W;) ' ()\fv — 71';3),
1A/ / ~ 1 ! / ~/ P
+§xt (cl (Apz — Taz) €1 — /\m) T+ 3 ()\x — wx) TiCiot
Finally, note that
(N, = 7h) | Bheady | = Y (N [i] — % [i]) Zhea [i] 2
1Xng i=1 1Xng
Nax
= D @ N - [0) e li] B
i=1
Ny
= I (Z (A2 [i] = 7 [d]) e2 [ﬂ) Ty
i=1
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where the second equality follows from the fact that A, [i] and 7/, [i] are scalar elements of

X and 7!, respectively. We can therefore rewrite the 1-period bond as

~ R 1 1_ .
biy = By Tt + 50231,00 + 590231,1«:;:%
where
L:c = ()\; — W;) c1 — A,
Bioo = (MN,—mh)co—Too +tr (0 (Maw — Taa)n) + (N — 7)) m (N, — 7'(‘;),

Bl zx ¢ aw = Taa) &1 = Aaw + Y (N [i] = 7 [d]) 2 [i]
=1

Note also that, by construction, E [/51} = —-E m, so By, = —?x, Bi gz = —?m and
Bioo = —Zw. Note that this definition also allows us to rewrite g +y1 as
~ /o~ 1f\/ =~ 1 2 / /
Git+1 = Dip,T¢+ imtBl,a:wmt + 27 ((Ax — TFx) co — Wao)

~ 1
+0 (N, — %) ners1 + 0Ty Aaw — Taw) MEL41 + 502&:2“77’ (Azz — Tax) NELL1

A.5.2 2-period bonds

2-period bond prices can be written as (up to a second order approximation)

N N N 1 . N
bio=bi1+Ey [bt+1,1} + §Vart [btJrl,l} + Covy [Qt+1a bt+1,1}

Based on 1-period prices, we can derive
E /l; . B/ o~ lB/ ~/ ) ~ 1/\/ /B o~
t |0t+1,1] = 1,2C1T¢ + 5P TiCioTy | + §xt61 1,22C1%¢

1 1 1
—|—§BL$COO'2 + 50'231,00 + 70'2131' [T/Bl,xmn]

2
and
Eq [3t+1,132+1,1] — By mﬂ,l} Ei [3”1»1} = By Bia
E¢ P;tJrl,lat-f—l} — B P;tJrl,l} E [Gi41] = Bi.m (As —m2)

It follows that

-~ - 1. . 1
bt,2 = Bé,zwt + §$;B2,xxmt + 50-232,0'0
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where
By, = Bj,(I+c)
Ny
BZ,xz = Bl,xm + CllBl,m:Cl + Z Bi,az [’L] €2 [Z]

=1

Bsoo = 2Bios+ Bi,xCO + tr (fr]’BLmn) + BLIm]’BLm + 231,17777/ (Ap — 72)

A.5.3 n-period bonds
Using the same procedure, we find that n-period bond prices can be written as

0o TP 1A/ ~ 1 2

bt,n = Bn71"rL‘t + imtBn,xxxt + 50' Bn,aa
where for n > 1

B;“L,.Z = i,z + B;lfl,a:cl
Nz
Bn,x:c = Bl,xx + CiBn—l,chl + Z B7/1,71,:L" [Z] 2 [7’]

=1
Bn,a’a = Bl,a’o + anl,ao' + B;l_Lg;CO + tr (n,anl,x:rn)

+B;L—1,x7777/Bn71,x + 237/1—1,357777, (Ag — mz)
Note that the first order term B}, , can be solved explicitly as

/ _ / ’
Bn,z - 1,z + B C1

n—1,x
n—1 )
= i,:c Z Ci
§=0
= Bi,(I—c)” ' (I—-¢)
A.5.4 Unconditional moments of n-period bonds

The unconditional mean of an n-period bond is

~ 1 1
E [bt,n} = B E[E]+ 5B [#Bnwl] + 5023,1700
1 1
= B, E[z]+ 5 (vec (E [mx’]))lvec (Bn,za) + §U2Bn7(m

and the unconditional variance
~ !
Var b = B [(Bivx (T=e0) ™ (=)&) (Bio (I —e) (1= ch) i) ]
/
— BB a) - aa -y (- ) B

= Bl (I—c) (I=c)E [sa] (T - ) ((I - 01)_1),31@
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Incidentally, note that for real bonds Bf;al = -\, (I — 1), so that
\@4@%}:AHI—4§E@£HI—£Y&
For nominal yields, we obtain
Var [ﬁln] = % ix (I — cl)_1 (I -c)E [a:x’] (I — c’f)' ((I — Cl>_1>/Bl,x

Finally note the ratio

!/

Var [yim, |y Bi, (I —e) (=) E[aa) (1~ ) (U ~e) ") B

Var m - n? Bi,;cE [z2'] B s

which in the scalar case, redefining ¢; as p, becomes

Var [y/tT\nn} _ <1l_pn)2
Var m nl-p
A.6 Expected holding period return in the flex-price no-habit case

The model solution in the flex-price no-habit case is

- <M—1a> R
X9

while bond prices are

Nn,t = Bn (Y;f)’y Et [(th—l-n)_’y]

Substituting out output and evaluating expectations

v¢(1=r3%) 11*%23"( ol )202
— 2 1_ — 1— €
Ny = B A28 2 1004 L0707

which characterises the whole term-structure in closed form. Note that, if we focus on

continuously compounded returns defined as gmt = —% In N, ;, we obtain

ytm,, ; = an + by In A,

where
_ 2n 2
ap = —lnﬂ—il p‘;( il >a§
2n 1—p4 \o+a(y—-1)
o o= L1 e0-ph)
T metaly-1)
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Finally, note that the expected holding period return is

Nn—l
HPR,; = FE t“]

Ny

2
1 Ve n—1) 2
€§<wa—a+¢) <1_2pA )05 7”‘15(17’114)
— A ya—a+¢
t

g

so that

hprin, = InHPRy,

1

% 2 _o n—1) _2
A 5) 020 p-py)
E ra—ato

= In ag

and the xhpr is

2
h it — h — (1 - n—1 ryqs 2
prag = hpre = (1= p5") (m —is)

A.7 Analytical xhpr and the market prices of risk

Recall that
hpry , — it = Covy [%\t—l—la bt—&-l,n—l} — Covy [A)\Hl, bit1n-1

and that, up to a first order approximation, we can write byy1,—1 = B;_fotﬂ, Tl =
7t Tyr1 and Adgy1 = N, (Tyr1 — T¢). Since first order approximate expressions are sufficient
to evaluate second moments up to a second order approximation, we obtain

~

h/\p?“t,n —iy = Covy W1, By 1, Zes1] — Covy [Ny (Te1 — Z) , By oy 1 Te1)
= (7, = L) (Bt [Beahyy| — B¢ [Tr1] By [Thy]) Bnota
= 0°(mp = Ao) ' Bu1e
= 02341—1@7777/ (T2 — Az)
where the last transposition can be performed because the whole expression is a scalar.
Using the solution for bond prices, the expected excess holding period return can equiva-

lently be written as

—

hpry , —/z'\t = 02B17$ (I — 01)_1 (I — 071‘_1) ' (7z — Az)
= (N, (I —c1)+mher) (I — ¢) ! (I =Y (me — As)

This can be rewritten as

hpry, — it = 0B}, ,né
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where € = o1/ (7, — A;) is an endogenous vector of "(nominal) market prices of risk". The
nominal market prices of risk can be divided into market prices of real risk and of inflation
risk, £, = —on'A\; and &, = on'w,, respectively.

It follows that the nominal expected excess holding period return can be written as

——real

@m —/z'\t = (hprtm — ﬂ) —0 ()\; (I - c’f_l) né. + ﬂ;cl (I — 01)71 (I — c?_l) 775/\>

—o?nler (I —ep) ™t (I - A m'T,

where

——real

hpry, —r=—oX, (I — ) méy

and the other two components are an "excess" inflation risk premium and a convexity

term. The former, more specifically, can be written as
—~ ~ _ —1 _
T — D1 = 0NCL e — oy (I — 1) 7 (I = 7h) eaméy

In the scalar case (setting ¢; = p and n = 1), we obtain

7 -~ 1— pnfl )
hpron = ie = (s = ) (0o (L= p) + 7up) 0
The decomposition becomes
hor 5 2 n—1) 2 1—pnt 9 5 1 — pnl )
hpry,, —it = A, (1—p""1) 0% —mara (1 —2p) Tpa a prTpU

This shows first that the real expected excess return is always positive, while the
convexity term is always negative (for positive autocorrelation of the shocks). The sign of
the nominal component depends on the sign of the term —A, 7, (1 — 2p) / (1 — p), namely
on the sign of A\, and 7.

Using these general results, we can derive explicitly the market price of risk in the

special cases where we obtained analytical expressions for the reduced form coefficients.

A.8 TUnconditional serial correlations

Recall that second moments can be computed from the first order solution. To first or-
der, E[z] = E[y] = 0, so that variances and covariances can be computed ignoring the

squared first moment term. For example, the first order autocovariance of bond prices,

ECB
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Cov {BtH,n/l;;n] , can be computed as E [meam} and ignoring the term E [gt+1,n} E [B@n] )
It follows that
Cov |:/l;t+1’n/b\;’n:| = Ek [B;l@/ftJrlZU\:an,x]

= B, ,E [(c1Z4 4+ noei1) Ty] Bna

= B ,c1E[22] Bna.
where the unconditional variance covariance matrix of z; is — see Hamilton (1994, p.265)
— the solution of

E[ZZ] = E[2'daiz] +o’E [e'n'ne]
= (vec [EZ7']) vec [c)e1] + o2 (vec [T]) vec [/n]
namely
vec [E [22]] = o? Lz —ca® cl)_l vec [n/'n]
Similarly, for the rate of growth of consumption (output)

1 1

ACr1 = ¢ (Toy1 — T¢) + §§2+1Cmft+1 - 532011@
we obtain
E [A/C}A/C\:H_l] = E [C; (./I\t — 5’5}71) (/‘T\t+1 — i'\t)/ Cz]

= ¢, (2B [37,] - E[37,] - E[37]) &0

Hence, the first order correlation coefficient of output growth, defined as Cor [AE, AE’H] =

Cov [A¢, AT\ ,] /Var [¢], can be written as

Cor [ACAT, ] = 1 <1 —

c (E |22 | —E|27,))
2 (B[22, ] B ]))

/
xr
¢, (E[F#] — B [22',]) ¢

Noting that Cov [¢¢'] = Var [¢] = ¢,E [22'] ¢;, Cov [c11¢] = ¢,

. ' o1 E [22'] ¢, and Cov [¢42C] =

¢.c3E (7] ¢, it follows

Cor [A¢, AT, ] = —

1 B Cov [E/,/C\_i_l] — Cov [g, /C\+2}
2 Var [c] — Cov [¢, 1]

Note that the autocovariance of output is a scalar. We can then divide through by its
variance to rewrite the above expression in terms of the correlation coefficients of the level

of output

a1 L[ Cor[d,cy] — Cor[¢,cyo]
Cor [Ac, AC+1] =3 1 = Cor[7, 1]
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If we define p; = Cor [¢1;, ], we can alternatively write

N 1 P1— P2
Cor [AC, AT, | = ) (1 i

which is positive when p; — py > 1 — p;, or py < 2p; — 1. In other words, the drop in the
first autocorrelation coefficient of output must be smaller than that from the first to the
second.

To develop an intuition for this condition, it is useful to translate it in terms of the pa-
rameters of the equilibrium process followed by consumption. In practice, the parameters
of the process will be determined endogenously, but it is useful to consider a few special

cases focusing on the general form of the driving process.

A.8.1 Consumption follows an AR(1) process

Consumption follows a stationary AR(1) process in the simple model without habit persis-
tence and with flexible prices analysed in the text. Under this assumption, the condition
for a positive serial correlation of consumption growth is never satisfied. If the process is
written as ¢; = ¢c;_1 + &4, the correlation coefficients of the consumption level would in

fact be Cor [¢41¢] = ¢, Cor [¢42¢] = ¢*. Tt follows that
1
Cor [AT, AT, ] = D) (1-¢)>0

is never satisfied.

A.8.2 Consumption follows an AR(2) process

This is just a generalisation of the former case, where ¢; = ¢1¢i—1 + P9¢i—1 + £ The first

order autocorrelations are

P P
L, =
1— ¢y
_ 4
so that Cor [A¢, A?4] > 0 implies
01, $=d _, & l-¢

L=¢y 1—¢y 10y 10,
If ¢, < 1, this implies

O1+ ¢ >1
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while if ¢, > 1, it must be the case that

b1+ oy <1

P1EV D3+,
2

The process is stationary if the roots < 1, which implies ¢; + ¢9 < 1 and

9 — ¢y < 1 (see Hamilton, 1994). This excludes the case ¢ < 1. When ¢, > 1, it must be
the case that ¢; < 1 — ¢5. Combined with the first stationarity requirement, this implies

P9 — 1 < @py < 1— ¢y, or ¢y < 1, which is impossible given the assumption ¢ > 1.

A.8.3 Consumption follows an MA(1) process

If consumption follows the process ¢; = ¢; + 0¢¢_1, the autororrelations are

L= 1y
P2 =
The condition Cor [A¢, AT ;] > 0 implies
1 1
~0?—0+-<0
2 + 2
which is satisfied for values of 6 between the solutions of the equation %02 -0+ % = 0.
This equation, however, has coincident solutions # = 1. The condition is therefore never

satisfied

A.8.4 Consumption follows an MA(2) process

If ¢, = & + 0164—1 + O2e4_2, the autocorrelations are

01 (14 069)
S R
O R
The condition Cor [A¢, AT ;] > 0 implies
0, 01 (1+62)

<
14+624+602  "1+62+062
or, since 1+ 6% + 6% > 0,

02 —201 (1 +69) +02(14+60)+1<0

The solution of 62 — 2601 (1 + 603) 4+ 02 (1 +62) +1 =0 are §; = 1 + 05 £ /B,. Hence,

the above inequality is satisfied when

1+92—\/g<91<1+92+\/9>2
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A.8.5 Consumption follows an ARMA(1,1) process

The ARMA case is the most interesting one, because consumption will in general follow
such a process in DSGE models. For simplicity, here we focus on the ARMA(1,1) case
with AR parameter ¢ and MA parameter 6.

The first and second order autocorrelations are given by

_ (0+0)(1+09)
pl 1+ 206+ 0°
NN RN
2 1+ 20¢ + 6>

Hence, the condition Cor [A¢, AZ, ] > 0 implies

(2—90)(¢+0)(1+06¢)
1+ 20¢ + 6>

>1

The denominator 1+ 20¢ + 62 > 0 for a stationary process with ¢ < 1, because the
solution of 1 + 260¢ + #% = 0 is complex. It follows that

(2—0)(p+60)(1+60¢) > 1+ 200 + 6>

(1—0¢)+0°(1-9)°—(1-¢)(2—¢(1—9))0<0

0°(1—¢)—02—¢(1—¢)+(1—9)<0

This inequality is satisfied when

2—¢<1—¢>)—\/¢>(4+¢<1—¢>2)
2(1—9) -

0 <

2—¢(1—¢>+\/¢(4+¢<1—¢>2)
2(1-9)

These inequalities are never satisfied when ¢ (4 +o(1-— q§)2) < 0, i.e. when ¢ < 0.
The lower bound is positive if (1 — ¢)2 > 0, which is always satisfied. Hence 6 must be

positive. More specifically, it must be comprised within the two lines in Figure 5.
2-9(1-9)—/d(4+9(1-9)?)
2(1-9)
greater than 1, given that this requires ¢ > 0. Hence, a sufficient condition for consumption

The sum of the lower bound for 6 plus ¢, i.e.

+ ¢, is always

growth to be positively serially correlated is 8 + ¢ > 1, which also implies a hump-shaped

response to shocks.
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Figure 5: Combination of the parameters ¢ and 6 which ensure a positive

serial correlation of consumption growth.
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