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Abstract

This paper examines how credit market frictions affect
optimal monetary policy and if there is a role for cen-
tral bank asset purchases. We develop a sticky price
model where money serves as the means of payment
and ex-ante identical agents borrow/lend among each
other. The credit market is distorted as borrowing is
constrained by available collateral. We show that the
central bank cannot implement the first best alloca-
tion and that optimal monetary policy mainly aims
at stabilizing prices when only a single instrument is
available. The central bank can however mitigate the
credit market distortion in a welfare-enhancing way by
purchasing loans at a favorable price, which relies on
rationing the supply of money.

JEL classification: E4; Eb5; E32.

Keywords: Optimal monetary policy, borrowing con-
straints, nominal rigidities, central bank asset pur-
chases, money rationing
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Non-technical summary

In response to the recent financial crisis, central banks introduced a variety of policy measures
with only little theoretical or empirical guidance available. Since then, researchers have analyzed
various channels which are able to rationalize beneficial effects of unconventional monetary policies,
like the possibility to ease credit market conditions by direct central bank lending or to influence
yields by large scale purchases of assets in specific market segments. Focusing on the asset side
of the central bank balances sheet, one aspect that has typically been ignored is the particular
role of the central bank’s supply of reserves. In this paper, we argue that the fact that a central
bank typically supplies money against a set of eligible collateral and not in an unbounded way is
crucial for understanding how central bank asset purchases can be effective and lead to welfare
enhancements.

This paper presents a normative analysis of monetary policy in a framework that is constructed
to account for macroeconomic frictions that have been viewed as essential to understand the central
bank trade-offs as well as for a credit market imperfections, providing an efficiency-based justifi-
cation for policy makers to be aware about credit market developments. The model encompasses
the basic New Keynesian model, which rationalizes the paradigm of price stability as the main
principle for an optimal monetary policy regime. The analysis in this paper augments the latter
model by considering agents that differ with regard to their willingness to spend and thereby to
borrow/lend. Despite this property, the model is constructed to ensure the existence of a represen-
tative agent, which allows to compare the results with the literature on optimal monetary policy,
which mainly builds on models with identical agents. The credit market allocation is distorted
by borrowing constraints, which require that agents can only borrow up to the current value of
available collateral (i.e., the market price of housing).

In this paper, we first show that credit market imperfections do per se not provide a welfare-
based justification for central banks to deviate from the paradigm of price stability. Specifically, we
shown that higher inflation is not desirable, even though debt is nominal, as it tends to increase the
costs of borrowing (i.e. the nominal lending rate) and thereby to worsen agents’ ability to borrow.
Thus, a conventionally conducted monetary policy should essentially ignore the distortions induced
by credit market frictions. We then extent the analysis by considering central bank asset purchases,
i.e. temporary central bank holdings of secured loans. When the central bank offers to purchase
loans at the current price market, agents have no incentive to sell them, such that this type of policy
is entirely ineffective. If, however, the central bank offers to purchase loans at a more favorable
price, it can stimulate the credit market by alleviating the severity of borrowing constraints and can
thereby induce a welfare-superior allocation. As a prerequisite, the central bank has to ration the
supply of reserves - or equivalently supply reserves at a low price against a bounded set of eligible
assets - which implies that the central bank controls both, the price and the amount of reserves
in money supply operations. Thus, the ability to stimulate the credit market relies on offering a
favorable price for loans, which induces a lower equilibrium lending rate, and on controlling the
specific size of the intervention, which endows the central bank with a quantitative instrument that
adds to the short-term nominal interest rate that is typically considered as the single instrument
of conventional monetary policy regimes.

Overall, the analysis shows that satiating agents’ demand for money is in general not recom-
mendable, as rationing of money supply endows the central bank with quantitative instruments
that allow manipulating market prices of eligible asset as well as influencing aggregate demand in
a welfare-enhancing way.
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1 Introduction

How should monetary policy be conducted under credit market frictions? In this paper, we exam-
ine how borrowing constraints affect the choices of a central bank that aims at maximizing welfare
of a representative agent (see Schmitt-Grohé and Uribe, 2010 for an overview). We develop a
macroeconomic model where prices are sticky and money serves as a mean of payment. Private
agents can differ with regard to their willingness to spend, giving rise to borrowing/lending between
ex-ante identical agents, while borrowing is constrained by available collateral. We analyze how
monetary policy affects private borrowing/lending, and how the central bank conducts optimal
policy when the tightness of the borrowing constraint is varied. We further show that the central
bank can enhance welfare by easing the latter via purchases of secured loans, providing a rationale
for central bank purchases of credit market instruments during the recent financial crisis.® Specif-
ically, for loan purchases to be welfare enhancing the central bank has to offer a favorable price,
implying that money supply will be effectively rationed in equilibrium.

We apply a stylized macroeconomic model where money is essential and private agents bor-
row/lend among each other. To facilitate aggregation, we consider ex-ante identical agents, as in
Shi (1997). In each period, they draw preference shocks from the same time-invariant distribution,
i.e. shocks that shift their valuation of the consumption good. Private agents with a high valuation
of consumption are willing to consume more, for which they borrow money from other agents. We
assume that contract enforcement is limited, such that lending relies on the borrower’s ability to
pledge collateral, as in Kiyotaki and Moore (1997). Likewise, we assume that the central bank
supplies money only against eligible assets, for which we consider treasury securities as collateral
in open market operations. We further account for the possibility of central bank purchases of
secured loans. To be more precise, the central bank might temporarily hold secured loans under
repurchase agreements (which differs from outright purchases as recently conducted by US Federal
Reserve, see e.g. Hancock and Passmore, 2014).

Loans are assumed to be intraperiod, as in Jermann and Quadrini (2012), which implies that
real debt burden cannot be reduced by higher inflation.? In this framework, higher inflation is not
beneficial for borrowers, since it tends to increase the nominal lending rate and thereby amplifies
the credit market friction. For the analysis of optimal policy, we assume that the central bank
acts under full commitment (while we neglect the issue of time inconsistency, as in Schmitt-Grohé
and Uribe, 2010). Specifically, it aims at maximizing welfare of a representative agent, taking into

account that prices are imperfectly flexible, money is costly, and borrowing is constrained. We

3 Asset purchases considered in this model are related to the type of policies introduced by the US Federal Reserve
during the financial crisis before 2010, which have also been described by the Fed with "credit easing".

4This differs from studies on optimal policy under financial market frictions with intertemporal nominal debt (see
Monacelli, 2008, or De Fiore et al., 2011).
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find that monetary policy cannot implement first best,? regardless of price flexibility and of asset
purchases, since distortions due to costs of money holdings and due to the borrowing constraint
cannot simultaneously be eliminated by the central bank. We first examine a conventional mone-
tary policy regime, where access to central bank money is not effectively constrained by holdings of
eligible assets. In this case, central bank asset purchases are neutral and there is a single monetary
policy instrument, as usual. Under reasonable degrees of price rigidity, we find that an optimizing
central bank mainly aims at stabilizing prices, which accords to the results of related studies (see
Schmitt-Grohé and Uribe, 2010, for an overview). If prices were more flexible, the central bank is
willing to reduce the inflation rate, which tends to reduce the loan rate but hardly mitigates the
credit market distortion.

We then account for additional instruments that might be applied by the central bank, which
relies on supplying money in a way that induces asset purchases to be effective. Specifically,
purchases of loans are non-neutral if the central bank offers a price that is more favorable than
the market price, which is only possible if it simultaneously rations the amount of money supplied.
For this, it restrict the set of assets eligible for central bank operations such that money cannot
be acquired in an unbounded way (which is typically assumed in macroeconomic theory). By
purchasing secured loans at a favorable price, i.e. at a rate below lenders’ marginal valuation
of money, lenders have an incentive to refinance secured loans and to use the proceeds to extend
lending. Central bank loan purchases can thereby induce lenders to charge a lower loan rate, which
tends to stimulate private sector borrowing. Compared to the conventional (single instrument)
specification of optimal monetary policy where money is supplied in a non-rationed way, we find
that the central bank can enhance welfare of the representative agent by mitigating the distortion
induced by the borrowing constraint if it purchases secured loans below the market price.® We
further show that an optimizing monetary policy can even undo the credit market friction by loan
purchases in the case where the borrowing constraint is not too tight (i.e. where the liquidation
value of collateral is sufficiently large). However, the welfare gains and the scope of effective
asset purchases are endogenously limited by the valuation of money and by restrictions on policy
instruments (like the zero lower bound on interest rates).”

The paper relates to studies on optimal monetary policy in sticky price models (see Kahn et
al., 2003, or Schmitt-Grohé and Uribe, 2010) and under financial market frictions, for example,

to Monacelli (2008), who examines optimal monetary policy when borrowing households face a

SWe apply first best as a reference case rather than a constrained efficient allocation, as we will show that the
central bank is able to undo the distortion induced by the credit market friction (see Section 4.2.2).

SThe possibility to enhance welfare by rationing money supply is shown by Schabert (2013) in a framework with
frictionless financial markets.

"The limits to the effectiveness of balance sheet policies are examined by Hoermann and Schabert (2014) in a
related model without collateralized borrowing.
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collateral constraint, or to DeFiore et al. (2011), who analyze optimal monetary policy under
flexible prices and imperfect monitoring. The analysis of central bank asset purchases relates to
studies on unconventional monetary policies like Curdia and Woodford (2011) and Gertler and
Karadi (2011), who find that direct central bank lending under costly financial intermediation can
be effective if financial market frictions are sufficiently large. The analysis in this paper further
relates to Aratjo et al. (2013), who show in a model with endogenous collateral constraints and
without a special role of currency that central bank purchases of collateral at market prices can
potentially improve welfare, though they tend to lower welfare when purchases are sufficiently
large. Applying an estimated model with segmented asset markets, Chen et al. (2012) find that
large scale asset purchases as recently conducted by the US Federal Reserve can lead to small
expansionary effects even at the zero lower bound.

In Section 2 we present the model. In Section 3, we demonstrate how the credit market
friction affects the equilibrium allocation and how its severity is altered by monetary policy. In
Section 4, we examine optimal monetary policy considering a regime without money rationing and
a regime where money supply is effectively rationed and asset purchases are non-neutral. Section

5 concludes.

2 The model

In this Section, we provide an overview of the model, present the details of the private sector

behavior and the public sector, and describe the first best allocation.

2.1 Overview

There are three sectors: households, firms, and the public sector. Households consist of members
who enter a period with money and government bonds and dispose of a constant time endowment.
They can further hold a durable good, i.e. housing, which is supplied at a fixed amount. At the
beginning of each period, aggregate productivity shocks are realized and open market operations
are conducted, where the central bank sells or purchases assets outright or supplies money via
repos against eligible assets at the policy rate R;*. Then, idiosyncratic preference shocks are
realized.® Household members with a high realization of the preference shock () are willing to
consume more than household members with a low realization of the preference shock (¢ < €,).
Given that purchases of consumption goods rely on money holdings, the former borrow money
from the latter at the price 1/R}. We consider loans being collateralized by the market value

of borrowers’ housing, which can be justified by limited enforceability of debt contracts. These

8The assumption that preference shocks are realized after money is supplied in open market operations against
treasuries is made only to facilitate the analysis for the case where money is supplied in a non-rationed way, which
is equivalent to the conventional specifiation where money is supplied via lump-sum transfers.

ECB Working Paper 1738, October 2014 5



secured loans might be purchased by the central bank, such that the proceeds are available to
extend credit supply. After goods are produced, the market for consumption goods opens, where
money serves as the means of payment, inducing demand for money and assets eligible for open
market operations. In the asset market, borrowing agents repay the secured loans, the government
issues new bonds at the price 1/ Ry, and the central bank reinvests payoffs from maturing bonds
and leaves money supply unchanged.’

The central bank sets the price of money (i.e. the policy rate), decides on the amount of
money is supplied against eligible assets in open market operations and by purchases of loans, and
it transfers interest earnings to the treasury. The government issues risk-free bonds, which back
private sector money holdings, and has access to lump-sum taxes. Firms produce goods employing

labor from households, and they set prices in an imperfectly flexible way.

2.2 Detalils

Households There are infinitely many households of measure one. Each household has a unit
measure of members i. Following Shi (1997), we assume that assets of all household members
are equally distributed at the beginning of each period. Their utility increases with consumption
c¢i¢ of a non-durable good and holdings of a durable good, i.e. housing h;;, and is decreasing in
working time n; ;. Like in Iacoviello (2005), we assume that the supply of housing is fixed at h > 0.
Members of each household can differ with regard to their marginal valuation of consumption due
to preference shocks ¢; > 0, which are i.i.d. across members and time. The instantaneous utility

function of ex-ante identical members is given by
u(Cig, hig i, €ig) = €ig(cl;” = 1) (L—0) "+ y(hi ;7" = 1) (1 —0p) = xn "L+t (1)

where o) > 0, v > 0, x > 0, and n > 0 and h;; denotes the end-of-period stock of housing,
which might differ between both types of members. For simplicity, we assume that €; exhibits two
possible realizations, €¢; € {¢, €}, with equal probabilities 7. = 0.5, where ¢ < €,. Household
members rely on money for purchases of consumption goods. For this, they hold money Mﬁfl
and can acquire additional money I;; from the central bank, for which they hold eligible assets, in
particular, risk-free government bonds B;;—1. Household members i € {b,{} can further acquire
money I;; from the central bank in open market operations, where money is supplied against

treasury securities discounted with the policy rate R}" (see Hoermann and Schabert, 2014):

Liy < kP Biy1/R". (2)

YFurther details on the flow of funds within each period can be found in Schabert (2013), where a corresponding
framework without credit market frictions is applied.
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The central bank supplies money against fractions of (randomly selected) bonds kP > 0 (see 2)
under repurchase agreements and outright. When household member i draws the realization ¢,

(€7), which materializes after treasuries can be liquidated in open market operations,”

it is willing
to consume more (less) than members who draw €; (e,). Hence, €,-type members tend to borrow
an additional amount of money from ¢;-type members.

We assume that borrowing and lending among private agents only takes place in form of short-
term loans at the price 1/R}. As Jermann and Quadrini (2012), we assume that loan contracts are
signed at the beginning of the period and repaid at the end of each period, which greatly simplifies
the analysis. We account for the fact that debt repayment cannot always be guaranteed and that
enforcement of debt contracts is limited. We therefore assume that loans are partially secured by

borrowers’ holdings of housing, serving as collateral. Specifically, €,-type members can borrow the

amount L < 0 up to the liquidation value of collateral at maturity
—Lyt < 2 Piqihy g, (3)

where ¢; denotes the real housing price, and z; a stochastic liquidation value of collateral (see
Iacoviello, 2005). In addition to secured loans, we account for the existence of unsecured loans,
measured as a share v > 0 of secured loans. Thus, private borrowing/lending takes place both in
form of unsecured and secured lending (as in He et al., 2013), while we interpret individual debt
as being partially collateralized, for convenience.

We allow for the possibility that the central bank purchases loans. After the preference shocks
are realized and loan contract are signed, lenders can refinance secured loans up to the amount
that is fully collateralized, L;; = — Ly, at the central bank. Specifically, it purchases a randomly

selected fraction k; > 0 of loans at the price 1/R}™:
I < keLig /R, (4)

where [ lLt > 0."1 Money I ft received from loan purchases, k; > 0, can be used to extend lending.
Thus, by purchasing loans the central bank can influence the lenders’ valuation of secured loans
and can increase the amount of money that is available for credit supply. We assume that loan
purchases are conducted in form of repurchase agreements, i.e. loans are repurchased by lenders
before they mature (such that lending agents earn the interest on loans).

In the goods market, member ¢ can then use money holdings Mﬁ_l as well as new injections

I;; and IiLt plus/minus loans for consumption expenditures, where IbLt = 0. Hence, the goods

0Note that this assumption is only relevant for the case, where money is supplied in a non-rationed way, i.e. when
the money supply constraint (2) is not binding.

A value of k; that exceeds one can in principle be interpreted as purchases at a price that is even more favorable
than the price of money in terms of treasuries (see 2).
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market constraints for both types b and [ read:
L H r L
Picip < Lip+ 1I;3 + My — [(1 +v) Lit + Li,t] /Ry (5)

where L;',t denotes loans funded by the proceeds of central bank purchases, L;',t / RtL <I lﬁr and
1t = Ly Notably, loans that are refinanced by the central bank Lj and the fraction vL; of
original loans are not secured. They both are assumed not to be eligible for central bank operations,
which accords to common central bank practice.
Before, the asset market opens, wages, taxes, and profits are paid, and repos are settled, i.e.
agents buy back loans and treasuries from the central bank. In the asset market, members repay
intraperiod loans and invest in treasuries. Thus, the asset market constraint of both types of

members is

A 1+ Big1+ 1 +v)Liy (1—1/RF) + Li, (1 — 1/R) + Pawngy + Pidiy + Py (6)
> M+ (Big/Re) + (Lig + I1) (R — 1) + Prcig + Prgy (hiy — hig—1) ,

where ¢; = Py /P, and Py is the nominal price of housing. Maximizing E ° ﬂtui’t subject to
(2), (4), (5), (6), and the borrowing constraints (3), —L}, < I} RE, Mg >0, and B;; > 0, leads
to the following first order conditions for consumption, working time, holdings of treasuries and

money, and additional money from open market operations Vi € {b, [}

€itCiy = it + Vi (7)

XNy = wikig, (8)

Nijp = BRE; [(Nigr + BEamipi) /Tee1] 9)

Ait = BE [(Niggr + Vigi1) /mee] s (10)

(metby s + Tty y) = (B — 1) (medpe + meAie) + Ry, (11)

where \;; > 0 is the multiplier on the asset market constraint (6), n;; > 0 the multiplier on the
money supply constraint (2), and 1, , > 0 the multiplier on the cash-in-advance constraint (5).
The cash-constraint implies — for ¢, ; > 0 — the usual distortion regarding the optimal choices
for consumption and working time (see 7 and 8). Condition (9) indicates that the interest rate
on government bonds might be reduced by a liquidity premium, stemming from the possibility to
exchange a fraction P of bonds in open market operations (see 2).

Given that household members are ex-ante identical, their expected valuation of payoffs in the
subsequent period are identical, implying that Ay = Ay = BE[0.5(evc, [, e )/ Te41] (see 10)
and that both types supply the same amount of working time, nz .= n? . = (w¢/x) BE; [0.5(ebc;f+1+

€16, ¢, 1)/m+1] (see 8). Condition (11) for money supplied against treasuries, which indicates that
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idiosyncratic shocks are not revealed before open market operations are conducted, can then — by
using (7) — be simplified to 0.5(epc; [ +€1¢;7)/R" = Aig + ;. Thus, the money supply constraint
in (2) is binding if the multiplier n;, satisfies n;, = 0.5(esc, [ + €c; )/ Ri" — BE[0.5(epc, /1 +
€¢; {1 1)/mi41] > 0. For this, the policy rate has to be lower than the average member’s mar-
ginal (nominal) rate of intertemporal substitution, R" < [0.5(epc, {7 + e1c; )]/ [BE0.5(epcy 'y +
acy i)/ me)

Further, the following type-specific first order conditions for loans, housing, money from loan

purchases I ft, and refinanced loans Ly, have to be satisfied

Y= A (RtL - 1) + RtL/‘GtCZ,t/ (1+v), and ;= Aoy (RtL - 1) =+ Cb,tR{J/ (1+wv), (12)
Gt ot = ’Yh;fh + Cpp2tqt + BE i1 Nip+1, and gy = Vhl_,tah + BEqi+1 i t+1, (13)
Sit = /\l,t (RtL - R;n) /R?L’ and %b,thL = T/Jb,t - )‘b,t (RtL - 1) ) (14>

where ¢;; denotes the multiplier on the money supply constraint (4), (i and 554 the multiplier on
the borrowing constraints (3) and —Lp, <1 lLthL Further, the associated complementary slackness
conditions and the transversality conditions hold. The conditions for loan demand and supply in
(12) reveal that the credit market allocation can be affected by central bank loan purchases (for
S1,¢ > 0) and by the borrowing constraint (for ¢;, > 0). The borrower demands loans according to

(Vp + Abt) /RE = Aot + Cp /(1 +v) (see 12), which can — by using (7) and (10) — be rewritten as

1 0.5(epc; 74 + ¢,
— = BE; ( b,tiri l,t+1) 7fb7t ' (15)
Ry €Ch 4 Tt41 €yt (14 v)

Hence, a positive multiplier ¢, ; tends — for a given R} — to raise the RHS of (15), implying that
current consumption tends to fall, which can be mitigated by a lower loan rate. Put differently, a
binding borrowing constraint (3) tends to reduce the loan rate below the borrowers’ marginal rate
of intertemporal substitution 1/8E[0.5(exc; [, | + € 1)/ (€vc, { Te41)]. The distortion due to the
borrowing constraint (3) is obviously less pronounced for a higher share v of unsecured loans. The
lender supplies loans according to Ay + it/ (14 v) = (¢4 + Aie) /RE (see 12), or — using (7)
and (10) — to ﬁEtO'B
with (14), then leads to

1 BEtO.5(ebc;f+1 +eac i) Lyt Rf e (16)
RF €C 4 Tiy1 1+v \ R

—0 —0o
(evey ipatec p1)
i1

+ st/ (L +v) = gc; 7 /RF. Eliminating the multiplier ¢,

Condition (16) implies that the loan rate is affected by the lender’s marginal rate of intertemporal

121t should be noted that the average member’s marginal rate of intertemporal substitution O.5(eb1tcb_’f +
ey )/ [BEO.5(eve, 74y +eic; [ 1) /met1] is typically larger than the lender’s marginal rate of intertemporal substi-
tution elvtcl_’f/[ﬁEtOﬁ(ebc,:f_*_l + elcl_’f+1)/7rt+1 when the borrowing constraint is binding.
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substitution in nominal terms 1/8E[0.5(evc, 7,1 + €1/ 1)/ (€1¢; miq1)] as well as by the policy
rate R;", if the central bank purchases loans, x; > 0.

The borrowing constraint (3) further distorts the borrower’s demand for housing and thus the
housing price ¢ (see 13). Combining the first order conditions for housing (13) gives ’y(h;’tah —
hlth) = (p1qt2t- Hence, if the collateral constraint is binding (;, > 0, investment in housing differ
between both types of members, i.e. hy; > hi¢. Combining the conditions in (12) and substituting

out Ay +1;, with (7), further leads to
encypy —eciy =R (G — Rimsie) / (1+0), (17)

which implies that the consumption choice (that would ideally satisfy elCthO. — ebc,;f = 0, see
Proposition 1) is distorted by the borrowing constraint (¢, > 0) and by the possibility that loans
can be liquidated at the central bank (¢;¢ > 0). Condition (17) further implies that the central
bank can in principle undo the effects of the borrowing constraint by purchasing loans, x; > 0.
Conditions (12) and (14) imply »g,; = (p/(1 + v), which shows that borrowers demand the
maximum amount of refinanced loans (s4,; > 0 = —Ly, =1 lﬁRf ) when the borrowing constraint
is binding (¢, ; > 0). The money supply constraint (4) will further be binding, ¢;; > 0, implying
that lenders are willing to refinance loans at the central bank when this allows to extract further
rents, i.e. if the policy rate is lower than the loan rate (see 14). Lenders will then refinance the
maximum amount of available loans and use these funds to supply further loans, Ly, J/RF =1 ft. If,
however, the policy rate equals the loan rate, R® = RF, lenders have no incentive to refinance loans
at the central bank, and lenders do not engage in further lending, L, = 0. Thus, only if R" < R}
(and thus ¢;; > 0) the central bank can directly influence the loan rate by purchasing loans,
#¢ > 0. It should finally be noted that R{® < R} implies that the policy rate is also lower than the
lender’s marginal rate of intertemporal substitution €;¢; " /[BE:0.5(epc; /1 +e1c; /1) /T4 (see 16),
which is — under a binding borrowing constraint — sufficient for the money supply constraint (2)
to be binding, n,, > 0. Given that money supply is then effectively constrained by the available
amount of eligible assets, i.e. bonds and secured loans, this type of monetary policy implies

money rationing.

Firms There is a continuum of identical intermediate goods producing firms indexed with j €
[0,1]. They exist for one period, are perfectly competitive, and are owned by the households. A
firm j distributes profits to the owners and hires the aggregate labor input n;; at a common rate
rate w;. It then produces the intermediate good x;; according to x;; = angy, where a € (0,1)
and a; is stochastic with an unconditional mean equal to one, and sells it to retailers. Following
related studies (see e.g. Schmitt-Grohé and Uribe, 2010), we allow for a constant subsidy 77 to

eliminate long-run distortions due to imperfect competition, such that the problem of a profit-
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maximizing firm j is given by max(1 + 7P)P, J7t(ltn‘?7t — Pywinjs, where Pj; denotes the price for
the intermediate good. The first order conditions are given by (1 + 77) (Pj./P;) omjl«;a = wy or
(Py+/Py) atomzt_l = (1 —7"), where we defined 7 = 7P/(1 4+ 7P) as the production (or wage)
subsidy rate. The firms transfer profits to the owners in a lump-sum way.

To introduce sticky prices, we assume that there are monopolistically competitive retailers
who re-package intermediate goods z; = fol xjdj. A retailer k € [0, 1] produces one unit of a
distinct good yj ¢ with one unit of the intermediate good (purchased at the common price Pj;)
and sells it at the price Py ; to perfectly competitive bundlers. They bundle the distinct goods yy, ¢
to a final good y; = ( fol y,:?1 dk)siﬁl which is sold at the price P;. The cost minimizing demand
for yj is then given by yr: = (Prt/Pr) “yr. We assume that each period a measure 1 — ¢
of randomly selected retailers may reset their prices independently of the time elapsed since the
last price setting, while a fraction ¢ € [0,1) of retailers do not adjust their prices. A fraction
1 — ¢ of retailers sets their price to maximize the expected sum of discounted future profits. For
¢ > 0, the first order condition for their price P, can be written as Zv4)Zo4 = Zi (e — 1) Je, where
Zig = (1—7") (x/a)0.5Mm; TTs; ! + GBETS ( Zriq1 5 Zog = (1—1") (x/a) 0.5, T (meysy) ™ +
¢ﬁEtW§;11Z27t+1, Z, = ﬁt/Pt, and mc¢; = Pjy/P; denotes retailers’ real marginal cost. With
perfectly competitive bundlers, the price index P; for the final good satisfies Ptl_s = fol Pklgedk:.
Using that fol Pkl’fdk: =(1-9¢)>2, ¢813t1__8€ holds, and taking differences, leads to 1 = (1 —
O)(Ze)'~ + omi

Public sector The government issues one-period nominally risk-free bonds at the price 1/Ry,
pays lump-sum transfers 7;, and a wage subsidy at a constant rate, while we abstract from govern-
ment spending, distortionary taxation, and issuance of long-term debt, for simplicity. The supply
of government bonds, which are either held by households or the central bank, is further assumed
to be exogenous to the state of the economy, like in Shi (2013). Specifically, we assume that the

total amount of short-term government bonds Bf grows at the rate I' > 0,
Bf =T'B/,, (18)

given Bfl > 0. Due to the existence of lump-sum transfers/taxes, which balance the budget, we
will be able to abstract from fiscal policy, except for the supply of treasuries (18). Note that the
growth rate might affect the long-run inflation rate if the money supply constraint (2) is binding. In
Appendix A.4, we show how the central bank can nevertheless implement a desired inflation target
by long-run adjustments of its instruments. The government further pays a constant wage subsidy
7P, which is solely introduced to eliminate average distortions from imperfect competitive (as usual
in related studies, see Schmitt-Grohé and Uribe, 2010) and receives seigniorage revenues 73" from

the central bank, such that its budget constraint reads (Bf /R;) + P77 = BL | + Piry + PP,
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The central bank supplies money in open market operations either outright or temporarily via
repos against treasuries, M1 = fol Mﬁdi and MF = fol Mﬁdi. It can further increase the supply
of money by purchasing secured loans from lenders, I}, i.e. it conducts repos where secured loans
serve as collateral. At the beginning of each period, its holdings of treasuries equals By ; and the
stock of outstanding money equals Mtlf ;- It then receives treasuries and loans in exchange for
money. Before the asset market opens, where the central bank rolls over maturing assets, repos in

terms of treasuries and secured loans are settled. Hence, its budget constraint reads
(Bf/Re) = Bi_y + Prri" = Ry (M1 — ML) + (R = 1) (If + M), (19)

while it earns interest from holding bonds and by supplying money at the price 1/R;". We assume
that the central bank transfers its interest earnings from asset holdings and from open market
operations to the treasury, Pr" = (1 —1/R;) Bf + R (M — M) + (R — 1) (I} + ME).
Thus, its budget constraint (19) implies that central bank asset holdings evolve according to
Bf — Bf | = M — MH . Further assuming that initial values for its assets and liabilities satisfy

B¢ =M £{17 leads to the central bank balance sheet
B = MH. (20)

The central bank has four instruments. It sets the policy rate R;® > 1 and can decide how
much money to supply against a randomly selected fraction of treasuries, for which it can adjust
kP € (0,1] (see 2) in a state contingent way. The central bank can further decide whether it
supplies money in exchange for treasuries either outright or temporarily via repos. Specifically, it
can control the ratio of treasury repos to outright sales of government bonds Q; > 0 : M = Q,MH
where a sufficiently large value for §2; ensures that injections are always positive, I;; > 0. Finally,
the central bank can decide to purchase loans. In each period, it decides on a randomly selected

share of secured loans k; € [0, 1] that is offered to be exchanged for money under repos.

Equilibrium A definition of a competitive equilibrium, for which we simplify the notation using
Ly = Liy = —Lyy, Lj = L, = — Ly, and I} = Il%t? is given in Appendix A.1. Whether money
supply is effectively rationed or not depends, in particular, on policy choices. For the analysis of
optimal monetary policy, we will therefore distinguish between the two cases where money supply
is either effectively rationed or not rationed, where the latter is equivalent to the case where the
central bank supplies money in a lump-sum way (as typically assumed in the literature). In this
case, the loan rate is identical to the policy rate RY = R} (see 11-12). Before we examine the policy

problem of the central bank, we describe the first best allocation, which serves as a benchmark for
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the subsequent analysis. The following proposition describes the first best allocation.!?

Proposition 1 The first best allocation {cgyt,czt,nz,t,nzt, Z,t,hzt}fio satisfies

eb(CZ,t)’” = El(cf,tra; hZ,t = hzk,ta ”Z,t = nZ",t, (21)
ep(c )77 = X/ (@0)]0.5"(nj , + n}’:t)H”_a, Wyy+ Dy =h and ¢, + ¢, = ar(ng, +nj )"
Proof. See Appendix A.1. m

Under the first best allocation, the marginal utilities of consumption are identical for borrowers
and lenders, and their end-of-period stock of housing is the same (see 21). This will typically not
be the case in a competitive equilibrium where the borrowing constraint is binding. In Section
4.2.2, we examine how the central bank can relax the borrowing constraint by purchases of loans.
For this policy to be non-neutral, money has to be supplied at a favorable price which implies that
access to money is effectively constrained by the available amount of assets eligible for central bank
operations. Specifically, the central bank has to set the policy rate below the lender’s marginal

rate of intertemporal substitution, implying RY* < RF (see 16).
3 Constrained borrowing and monetary policy

In this Section, we examine the impact of the existence of the borrowing constraint (3) on the
allocation and on prices. We demonstrate how the long-run equilibrium is affected by this credit
market friction and how the tightness of the borrowing constraint is altered by monetary policy.
The parameter values applied for this analysis and in the subsequent Sections are given in Table
Al in Appendix A.7. We set most parameter equal to values that are standard in the literature,
ie. =099, 0p)=2,n=1 ¢ =07 a=00606, and x = 98, the latter implying a first best
working time share of roughly one third. Given that the model is evidently too stylized to match
empirical measures related to the housing market and to private agents’ heterogeneity, we apply
values for the remaining parameters that turned out out to be particularly useful for the solution
to the optimal monetary policy problem. Specifically, the utility weight on housing of v = 0.1 is
taken from ITacoviello (2005), the steady state housing share gh/y is set at 0.18, the realizations
of the idiosyncratic shock are ¢, = 0.5 and ¢, = 1.5 with equal probabilities (0.5), the share of
unsecured loans v equals 1/2, and the unconditional mean of the liquidation share is set at z at
0.8. For the stochastic processes z; and a;, we assume that the autocorrelation of aggregate shocks
equals 0.9 and their standard deviation equals 0.005.
Suppose that monetary policy acts in a non-optimizing way and that money supply is not rationed.

Under the parameter values described above, the borrowing constraint will be binding in a long-run

13 According to the conditions in proposition 1, the solution for ¢y and hy, are given by ¢, =
_ 1+4m o 1. l—a4n
AT [y o/ (X0.57)| TR [1 + (1,0 e) 5] T aEnFeT and by, = 0.5k,
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Figure 1: Steady state values for different inflation rates

equilibrium. In the steady state, the central bank is then endowed with a single choice variable,

which is assumed to be the inflation rate (or the inflation target). The loan rate is then determined

by the demand and the supply of loans in the private credit market as summarized in (15) and

(16). Given that money is assumed not to be rationed, the loan rate equals the lender’s marginal

rate of intertemporal substitution in nominal terms (see 16)

RV = (x/B) - (ac;/c7),

(22)

where ¢ = [0.5¢,¢; 7 + 0.56[)01;0]_1/ ? and variables without a time index denote steady state values.

If borrowing were unconstrained or the borrowing constraint were slack ¢, = 0, the borrower’s and

the lender’s marginal utility of consumption would be identical €;¢; ” = €,c, 7. Thus, consumption

of the lender satisfies (see 17 for ¢;; = 0):

Cc] = (El/eb)l/acb if Cb =0

and ¢ > (61/61,)1/

Ty if ¢ > 0. (23)

Thus, constrained borrowing ({, > 0) increases relative consumption of the lender, which tends to

reduce the loan rate (see 22). This effect is more pronounced, the tighter the borrowing constraint

is, e.g. when the liquidation value of housing z is lower (see Figure 1). When the central bank

raises the inflation rate, the loan rate also increases (see 22). The higher inflation rate further tends

to reduce overall consumption, due to the inflation tax on consumption as a cash good, x0.5n" =

wpe 7 /m (see 8, 11, and 10). The impact of a tighter borrowing constraint on consumption of

both types is intuitive: A lower liquidation value z leads to a larger reduction in the borrower’s

consumption, while the lender’s consumption can even exceed first best (see 23). The impact of the
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borrowing constraint on housing is most pronounced. Borrowers are willing to increase investment
in housing in order to raise the stock of collateral and, thereby, to relax the borrowing constraint.
Thus, the borrowing constraint distorts the allocation of resources (goods and housing), while this
distortion is amplified by a higher inflation rate (and thus by a higher loan rate).

Based on this line of arguments, the central bank should choose a low inflation rate to mitigate
the distortions due to the inflation tax and the borrowing constraint. Put differently, there is
no gain from higher inflation, which would reduce the real value of nominal debt if it were issued
intertemporally (as, for example, in DeFiore et al., 2011). Given that prices are set in an imperfectly
flexible way, the price level should however be stable in the long-run to avoid welfare losses from
an inefficient allocation of resources (working time) due to price dispersion (see Section 4.2). Thus,
a welfare-maximizing central bank should set the inflation rate close to one, as indicated by the
steady state utility of the representative agent (which is always strictly smaller than under first
best). If, however, it were able to control the loan rate independently from the inflation rate, it

might be able to increase welfare. This is in principle possible under money rationing where the

. . . o L .
long-run loan rate is not given by (22), but instead by ﬁ = g;cl_g 1+ Hiv(g—m —1)], which shows
that the central bank can influence the loan rate not only via the inflation rate. Specifically, it can
control the inflation rate via money supply by adjusting 7 and can further manipulate the loan

rate by adjusting the policy rate R™ and the share of purchased loans k (see Section 4.2.2).

4 Optimal monetary policy

In this Section, we examine the policy plan of a central bank that aims at maximizing welfare of
a representative agent (i.e. of a representative household member), for which we assume that it
is able to perfectly commit to future policies. We restrict our attention to time-invariant policies
plans, neglecting the issue of time inconsistency that typically prevails in such a framework (see
e.g. Schmitt-Grohé and Uribe, 2010). We consider the entire set of conditions that describe the
competitive equilibrium (see Definition 2 in Appendix A.l) as constraints to the optimization
problem of the central bank. Given that fiscal policy is assumed to have access to lump-sum
taxation, we can neglect fiscal policy except for the supply of treasuries, which serve as eligible
assets for open market operations. In the first part of this Section, we briefly assess the case
of flexible prices and perfect competition, and we show that first best cannot be implemented
(regardless whether money supply is rationed or not). In the second part of this Section, we
consider sticky prices and examine first optimal monetary policy under the assumption that money
is supplied in a non-rationed way. We then show that once the central bank rations money supply

it can enhance welfare by purchasing loans at a favorable price.
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4.1 A flexible price version

Before we turn to the empirically relevant case of imperfectly set prices, we briefly examine how
the monetary policy decision is affected by the existence of the borrowing constraint under flexible
prices. For this, we examine a reduced set of equilibrium sequences. Details can be found in
Appendix A.4, where we further show how an inflation target can be implemented in a competitive
equilibrium under money rationing regime. For the case where prices are perfectly flexible and

competition is perfect, an equilibrium can be defined as follows.

Definition 1 A competitive equilibrium under perfectly flexible prices and perfect competition is
gwen by a set of sequences {cpt, ¢, N, RtL, hot, qr, U1f, T }e2y satisfying
0= ni‘”?—a — waiBE; [0-5(6b01:f+1 + Elcl_,til)/ﬂt+1]7 (
Ry = (cf/en) {BE0.5(ebcy vy + €16 y)/mera] + (14 0)geze) " (B — hug) =" — By, 7 1H25
0=—[gn]™'"/as) + BE [C]t+1n?:117a/at+1] +ywh — hpg) ", (
ang =cip + ey, (
Chp = e + [zqihes2 (1 +v) + 1] /RE, if Cop = ,y(tht)—l(thah —hy ") >0, (
or ey < cip+ [zeqches2 (1+0) + 1) /RE, if Gy = 0,

and if 14 = ant/wt (RF—R™) /R >0 :

/R =B (cf/e1) Ei05(ency gy + € y)/meal {1+ [re/ (1 + 0)][(RF/RY) — 113, (29)

=051+ Q)my" — (14 v)zeqthy /R (30)
where (1+Q)mi = kP17, /R +mi 77t and by +mP =T (be—1+ mﬁl) /T,

l; = HltZtchb,tRf/Rln; (31)

orif gy =0:

1/RtL =p (C?,t/el) E; [0'5(61305_,;511 + elcl_yt(jrl)/ﬂ-ﬂrl]f (32)

R =R}, (33)

=0, (34)

where w = W and ™" = 0, and the transversality conditions, for a monetary policy {k,
H

R > 1}2, and exogenous sequences {ai, zt}i2, given h > 0, and mZ; > 0, and b_; > 0 if
St > 0.

As revealed by the conditions in Definition 1, there are more instruments available for the central
bank if it supplies money in a rationed way (see 29-31). Notably, the fraction of bonds eligible for
open market operations ntB can be adjusted by the central bank to support a particular competitive
equilibrium (see Appendix A.4), such that the cash constraint (30) is not a binding restriction for
implementable allocations from the point of view of the central bank. Under money rationing, the

central bank can then manipulate the loan rate not only via the inflation rate but also by setting
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the policy rate R} and the share of purchased loans k; (see 29). To effectively ration money supply,
it has to set the policy rate below the marginal rate of intertemporal substitution of the lender,
such that the multipliers on the money supply constraints (2) and (4) are strictly positive, n; ; > 0
and ¢;; > 0. Otherwise, the money supply constraint is slack and the loan rate equals the lender’s
marginal rate of intertemporal substitution. Thus, rationing money supply endows the central
bank with additional instruments, which can be used to address welfare-reducing distortions in a
more effective way than under a single instrument regime. According to this simple principle, the
central bank is able to enhance welfare by simultaneously controlling money supply and the policy
rate. However, the central bank is — even under flexible prices and perfect competition — not able
to implement the long-run efficient allocation (as described in Proposition 1) regardless of whether

money supply is rationed or not. This property is summarized in the following proposition.

Proposition 2 Consider a competitive equilibrium as given in Definition 1. The first best alloca-
tion can, in general, neither be implemented under rationed money supply nor under non-rationed
money supply.

Proof. See Appendix A.1 =

The implementation of the long-run efficient allocation would in principle require the central bank
to set the inflation rate according to the Friedman rule to undo the distortion induced by the costs
of money holdings (see 24). Efficiency further requires holdings of housing and marginal utilities
of consumption to be identical for all members (see 21), which implies the loan rate to be equal
to one (see 25) and the policy rate to be identical to the loan rate (see 29). Hence, a central bank
cannot implement the long-run efficient allocation under a money rationing regime (which relies
on setting the policy rate at R < RF). Moreover, the credit market is distorted by the borrowing
constraint, which will only be slack in equilibrium at borrowing costs implying a particular loan
rate that is in general different from one.

Even though money rationing does not matter for the impossibility to implement first best, it
can affect the allocation under second best. To demonstrate this, we compare the steady state under
non-optimizing policy regimes with money rationing (see Appendix A.4) to the steady state under
optimal monetary policy without money rationing (see last part of Appendix A.5). Specifically,
we compute the steady state values for under the first best allocation and for different monetary
policy regimes for two liquidation values of collateral (z = 0.8 and z = 0.4) (see Table A2 in
Appendix A.7). It should be noted that these results are presented for demonstration purposes
only, given that the values are computed while ignoring the zero lower bound on interest rates
and the restriction x; < 1 (values that violate of these constraints are marked with a star). The
results for the optimal policy regime (without money rationing) reveal that the central bank will

not apply the Friedman rule (i.e. # = 8 = 0.99) when it faces distortions due to the credit market
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Table 1: Steady state values under optimal monetary policy w/o money rationing

. Benchmark More Tighter
First best . . . .

parameter values flexible prices borrowing constraint
Consumption of the borrower 0.3018 0.3009 0.3010 0.3003
Consumption of the lender 0.1742 0.1739 0.1739 0.1744
Borrower’s housing share 0.5 0.5334 0.5333 0.6369
Working time 0.3248 0.3235 0.3237 0.3233
Loan rate - 1.0091 1.0007 1.0044
Inflation rate - 1 0.9982 1
Representative agent utility -3.12078 -3.12086 -3.12085 -3.12145

friction. In fact, it sets the inflation rate at an even lower value m <  to ease the borrowing
constraint by reducing the loan rate (R < 1).

Under a more severe credit market friction, z = 0.4, deviations to the first best allocation
and from the Friedman rule are more pronounced under an optimal policy regime without money
rationing. A monetary policy regime that rations money supply can then reduce the deviations
from the first best allocation and increase steady state utility of a representative agent, for example,
by setting the inflation rate at the Friedman rule (see Appendix A.4 on details how the central
bank implements the long-run inflation rate), which eliminates the inflation tax, and by purchasing
loans at a low policy rate to address the credit friction, which is demonstrated for z = 0.8 with
R™ =0.99 and x = 0.3 and for z = 0.4 with R™ = 0.98 and x = 1.2. Thus, the central bank can
in principle implement a more favorable outcome by purchasing loans, which will subsequently be
shown for a version with a plausible degree of price rigidity and without violating constraints on

policy instruments.

4.2 Optimal monetary policy under sticky prices

For the flexible price version of the model, it has already been established that monetary policy
cannot implement first best (see Proposition 2). Here, we examine monetary policy for the empir-
ically more relevant case of sticky prices and compare optimal monetary policy with and without
money rationing. Throughout the analysis, all relevant constraints on the policy instruments are

— in contrast to the analysis in the previous Section — taken into account.

4.2.1 Non-rationed money supply

In this Section, we examine optimal monetary policy for the case where the central bank faces three
frictions: the borrowing constraint, the cash-credit good distortion, and sticky prices. Notably, we

assume that the distortion due to the average price mark-up is eliminated by a subsidy, 7" = 1/,
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Figure 2: Responses to a contractionary productivity shock under optimal policy w/o money
rationing [Note: Steady states are not identical.]

as typically assumed in the related literature (see Schmitt-Grohé and Uribe, 2010). The policy
problem for the case where money is supplied in a non-rationed way is described in Appendix A.5.
As discussed in Section 2.2, asset purchases are then irrelevant for the equilibrium allocation.
Table 1 presents steady state values for optimal monetary policy without money rationing for
the benchmark parameterization (specifically, for ¢ = 0.7 and z = 0.8), for the case where prices
are more flexible (¢ = 0.1), and for the case where the borrowing constraint is tighter (z = 0.4,
see last column). As indicated by the borrower’s share of housing (hy/h > 0.5), the borrowing
constraint (3) is binding in all cases. For the benchmark case, the steady state inflation rate turns
out to equal one — implying long-run price stability — for an empirically plausible degree of price
rigidity (¢ = 0.7), while the long-run loan rate is then given by R” = 1.0091. When the degree
of price rigidity is smaller (¢ = 0.1), the central bank implements a mean inflation rate below one
and a mean loan rate that is lower than under more rigid prices (see Table 1). The reduction in
the inflation rate and in the loan rate tend to stimulate consumption due to the reduced inflation
tax and the lower borrowing costs. The (almost unchanged) borrower’s share of housing, however,
indicates that the credit market friction plays a minor role for the optimal monetary policy choice.
This pattern can also be observed in the impulse responses to aggregate shocks presented in the
Figures 2 and 3, where the responses are shown as deviations from steady state values that differ
between both versions (with higher and lower degree of price rigidity). All impulse responses in the
paper are given in percentage deviations from the steady state. The responses to a contractionary
productivity shock are very similar for both cases (see Figure 2). Substantial differences can only
be observed for the responses of the inflation rate and the loan rate. The latter increases to a larger

extent under more rigid prices, which tends to amplify the adverse borrowing conditions. Hence,
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Figure 3: Responses to a lower liquidation value under optimal policy w/o money rationing [Note:
Steady states are not identical.|

in order to stabilize inflation, optimal policy accepts a more pronounced loan contraction than
under less rigid prices. The responses of consumption and working time are virtually identical for
both versions, while it should be noted that they are presented as deviations from different steady
states. Thus, monetary policy hardly mitigates the distortion due to the credit market friction
even when prices are more flexible. Figure 3 shows responses to a fall in the liquidation value of
housing. Again, the inflation response reveals that under a reasonable degree of price stickiness
(¢ = 0.7), an optimizing central bank mainly aims at stabilizing prices. Under more flexible prices,
the central bank strongly reduces the inflation rate. This is associated with a more pronounced
reduction in the loan rate, which mitigates the credit market distortion in a negligible way (as
indicated by virtually identical responses of the borrower’s housing share).

The last column of Table 1 shows results under an optimal monetary policy for a smaller liqui-
dation value of collateral, z = 0.4. Intuitively, the distortion induced by the borrowing constraint
is then more pronounced, which leads to larger differences from the first best allocation compared
to the case with the benchmark parameter values (z = 0.8). The exception is the lender’s con-
sumption value which is now slightly larger, given that borrower’s consumption is more restricted.
Overall, the central bank is not willing to deviate from fully stabilizing prices in favor of reducing

distortions due to financial frictions (see the impulse response functions in Appendix A.8).

4.2.2 Rationed money supply and loan purchases

When the central bank sets the policy rate R}" below the lender’s marginal rate of intertemporal
substitution, which does not exceed the borrower’s marginal rate of intertemporal substitution, it

effectively rations money supply. Specifically, the borrower’s and the lender’s marginal valuation
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Table 2: Steady state values with and w/o money rationing for z=0.4

Optimal policy Policy regime 1 Policy regime 11

. . . . .. First best
w/o m. rationing with m. rationing  with m. rationing

Consumption of the borrower 0.3003 0.3004 0.3005 0.3018
Consumption of the lender 0.1744 0.1743 0.1742 0.1742
Borrower’s housing share 0.6369 0.6150 0.5954 0.5
Working time 0.3233 0.3234 0.3234 0.3248
Loan rate 1.0044 1.0049 1.0052 -
Inflation rate 1 1 1 —
Policy rate - 1.0040 1.0040 —
Share of purchased loans — 0.5 1 —
Representative agent utility -3.12145 -3.12126 -3.12112 -3.12078

of money are then larger than its price, such that the money supply constraints (2) and (4) are
binding, 7, ; > 0 and ¢;; > 0. The money supply instruments mtB and k; are then non-neutral in
the sense that the central bank can affect the private sector behavior by changing the amount of
money supplied in exchange for eligible assets, i.e. treasuries and secured loans. Specifically, the
loan rate can be manipulated not only via the lender’s marginal rate of intertemporal substitution

but also via central bank purchases of loans (see 16).

Non-optimizing policy with money rationing We first consider the case of a severe credit
market friction, i.e. a particularly low average liquidation value for collateral (z = 0.4). For this
case and for the other parameter values applied in this paper (see also Table Al in Appendix A.7)
the borrowing constraint will be binding even when the central bank conducts loan purchases.
We therefore examine the steady state under two non-optimizing monetary policy regimes acting
under money rationing. The steady state values of selected variables for the two regimes with
money rationing are given in Table 2. These policy regimes are both characterized by an inflation
rate equal to one and a policy rate set at 1.004. They only differ with regard to the share of
purchased loans x, which equals 50% (regime I) and 100% (regime II). The results presented in
Table 2 show that these two non-optimizing policies outperform the optimal policy without money
rationing. Specifically, the deviations of the allocation of consumption, housing, and working time
from the first best allocation are reduced under the money rationing regimes and when more loans
are purchased (see regime II). The superiority of these regimes is confirmed by the steady state

utility values of the representative agent.

Optimizing policy under money rationing We finally consider the case where the credit
market friction is less severe, z = 0.8. For this case, we find that the central bank it actually able

to undo the distortions stemming from the borrowing constraint by purchasing loans. Under a

ECB Working Paper 1738, October 2014 21



money rationing regime, it can be shown in a straightforward way that the policy problem can
be greatly simplified by using that the central bank is equipped with additional instruments (see
Appendix A.6). In particular, we use that the central bank can set the fraction of eligible bonds x
to adjust the amount of money available for household members in a way that is consistent with
the optimally chosen allocation, and that the policy rate R}* together with the share of purchased
loans x; can be set to implement a favorable loan rate and to ease the borrowing constraint. In
fact, the central bank instruments R}" and x; can be used to slacken the borrowing constraint by
setting them according to (28) and (29) for ¢, = 0. This property is summarized in the following
proposition.

Proposition 3 Let {¢y,¢;} be a long-run allocation of borrowers’ and lenders’ consumption that
is not constrained by (3) and satisfies (¢, —¢;) ey, > 2(1 + v)2v(h)/ (1 — ), where v(h) =
7(0.5h) =" Then, this consumption allocation {¢y,¢;} can only be implemented by the central
bank if it purchases loans under money rationing such that the pair {R™, k} satisfies k € (0,1],
R™ € [1,RY), where RY = ebEb_”EU%/ﬂ, as well as k/R™ > [(¢y —¢) (1 —p)ec,” — 2(1 +
v)2v(h)]/[2v(R)RE), and R™(1 + [(e¢; 7 — ¢, 7)€, 1&7] (1 +v) /k) = RE.

Proof. See Appendix A.6 m

When the central bank is able to implement a long-run allocation that is not distorted by the bor-
rowing constraint (see Proposition 3), there exist pairs of sequences { R € [1, RF), k; € (0,1]}52,
that can also undo the distortion due to the borrowing constraint in a sufficiently small neigh-
borhood of this steady state, which we verify numerically for the optimal policy plan under a
liquidation value z equal to 0.8 (see Table 3). Given that there are many pairs of sequences for the
policy instruments that can implement the optimal plan (see proof of Proposition 3), the policy
rate R;", which is below the lender’s marginal rate of intertemporal substitution, and the share of
liquidated loans x; are identified by assuming that the borrowing constraint is just not binding.
Optimal policy under money rationing, which — for the applied parameter values — implies a posi-
tive amount of loan purchases, then enhances welfare compared to the case where monetary policy
without money rationing is conducted in an optimal way (see Section 4.2.1). We compute welfare

of the representative agent using

o0
V = Ey Z B0.5 (ups + uit) ,
=0

for different policy regimes and assume that the initial values are identical with the corresponding
steady state values. Deviations from welfare under the first best allocation () are then measured
as permanent consumption values that compensate for the welfare loss under alternative policy
regimes, (Cperm—Cperm)/ Cperm» Where cperm = (1= B8) (1 —0)V + 1)Y= The computed welfare

gain of money rationing (combined with loan purchases) is considerably small, while the loss under
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Table 3: Steady state values with and w/o money rationing for z=0.8

Optimal policy Optimal policy .
L . . First best
w/0o money rationing  with money rationing

Consumption of the borrower 0.3009 0.3012 0.3018
Consumption of the lender 0.1739 0.1737 0.1742
Borrower’s housing share 0.5334 0.5 0.5
Working time 0.3235 0.3236 0.3248
Loan rate 1.0091 1.0086 -
Inflation rate 1 1 -
Policy rate - 1.0026 -
Fraction of purchased loans - 0.6860 -
Representative agent utility —3.12086 -3.12083 -3.12078

a non-rationing regime compared to welfare under the first best allocation is almost twice as large,
0.0021, as under the rationing regime, 0.0012 (where computations are based on second order
approximations).

The steady state values given in Table 3 reveal that the differences between the two types
of optimal policy regimes are relatively small (except for the allocation of housing), since the
credit market friction is less severe. Nonetheless, they show that an optimal policy under money
rationing is able to reduce the differences between the first best allocation and the allocation in
a competitive equilibrium. The only exception refers to the lender’s consumption, which is lower
under both optimal policy regimes than under first best. In the case of non-rationed money supply,
the value is slightly larger than under money rationing, given that the borrower’s consumption is
effectively constrained by its collateral value. The allocation under non-rationed money supply
exhibits the largest difference to first best for the borrower’s housing. This, however, does not
have a strong impact on welfare, due to the small utility weight assigned to housing (y = 0.1
compared to y = 98 for the disutility on working time).

The Figures 4 and 5 further show impulse responses to a contractionary productivity shock
and to a reduction in the liquidation value of loans. The responses to the productivity shock (see
Figures 4) correspond to the results for the steady state values (see Table 3), i.e. that the allocation
hardly differs between both types of optimal policy regimes, except for the distribution of housing.
Under money rationing, the central bank is nevertheless able to undo the distortion due to the
borrowing constraint by purchasing loans, such that the consumption gap is reduced and housing
is equally held by borrowers and lenders. In contrast to productivity shocks, the responses to a
reduction in the liquidation value of loans can be associated with substantial differences between

both types of policies. As long as the reduction is not too pronounced, the central bank can off-
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Figure 4: Responses to a contractionary productivity shock under optimizing policies [Note: Steady
states are not identical.]

set this shock under a money rationing regime by purchasing loans at a below-market rate. The
allocation is then unaffected by the decline in the liquidation value and prices are fully stabilized
(see Figure 5). For this, the increase in the share of purchased loans, which exerts an expansionary
and thus inflationary effect, is accompanied with an increases the policy rate to avoid an upward
shift in prices. Overall, the impulse responses indicate that loan purchases are particularly effective

to mitigate exogenous shifts in credit market conditions.
5 Conclusion

In this paper, we examined optimal monetary policy in a sticky price model where money is
essential and borrowing between private agents is constrained by available collateral. While the
credit market friction could be eased by a low nominal interest rate, a welfare-maximizing central
bank predominantly aims at minimizing distortions due to imperfectly set prices, such that the
paradigm of price stability prevails. As a consequence, optimal policy largely ignores the credit
friction, when monetary policy is conducted in a conventional way, in the sense that only one
instruments is available. If, however, the central bank supplies money at a low price against a
bounded set of eligible assets, access to money is effectively rationed, which allows the central

bank to simultaneously control the price and the amount of money. In this case, the central bank
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Figure 5: Responses to a lower liquidation value under optimizing policies [Note: Steady states

are not identical.]

can — in addition to the price rigidity — address the credit market friction by purchasing secured

loans. Such a policy tends to reduce the lending rate and can be welfare enhancing compared

to a conventionally conducted optimal policy monetary regime (without money rationing). The

analysis further suggests that satiating agents’ demand for money is in general not recommendable,

as rationing of money supply endows the central bank with quantitative instruments that allow

manipulating market prices of eligible asset as well as influencing aggregate demand in a welfare-

enhancing way.
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A Appendix
A.1 Competitive equilibrium

Definition 2 A competitive equilibrium is a set of sequences {cut, Crt, Mo ts Nit, Nty Uy 1, Gbg, Gt

L H H H T L ; :
) mb7t7 ml,t; my, bb,t7 bl,t7 bt: bt ; We, ME, Zt7 St, T, Rt ’ Cb,t7 hl,t7 hb,t7 gt })?20 satzsfymg

nyt="npt, (35)
ant = wtﬁEt[().S(Ebc;fH + elcljtﬂ_l)/mﬂ], (36)
1/Rf = (Cg,t/eb) ,BEt[O.S(ebcl;fH + EZCZtil)/Wt+1] + Cp (Cg,t/eb) /(14 v), (37)

—o —o K Rf .
1/RtL = /8 (C?,t/el) Et[0‘5(6bcb,t+1 + elcl,t-i—l)/ﬂ-t'f‘l]{l + 1 _:U [Rifn — ]}, ’Lf gl,t > 0, (38)
t

or 1/Rf =4 (cfft/el) Et[0.5(ebcl;f+1 + elcf,t‘il)/mﬂ}, if <10 =0,

e =i tmiy = (L) (W/RY) if v, >0, (39)
or ey <fie+ mﬂ,lel — (1 +wv) (L/RY) if Y =0,

Cot =tps +mpy 7 + [(L+0)l + [[]/RE if by, > 0, (40)

or ¢y <y +mpy it + (L4 0)le + [1/RE if ¢y, =0,
Ry = kPl qmy b if My >0, or Ry < kP amp b if Mt =0, (41)
Ry =k by amy ' if Mg >0, or Ri"ipy < K bygamy b if My, = 0, (42)
le=zqthor if Cop >0, orly < zigihpy if Cpy =0, (43)
RVl =kly if 10> 0 orif =0 if g4 =0, (44)
iRy =i if Gop > 0 or by /Ry < i if Gy =0, (45)
Coparzt =" (b " = hy "), (46)
QtXnZt/wt = ’th_fh’ + BLE; [Qt+1Xn?7t+1/7~Ut+1]; (47)
h=hyt + hy, (48)
e =Nyt + Npt, (49)
mfft = ml{{t, (50)
by =0byps + by g, (51)
th = mft + mfﬁ, (52)
ipe=(1+ Qt)mft — mﬁ_lﬂt_l, (53)
= (1+ Qt)mﬁ — mﬁ_lﬂt_ , (54)
0=(1—7") w; — mesazand ™, (55)
Zi =g/ (€ = D[ 214/ Za2.4], (56)
L= (1= ¢)(Z)"" +om; (57)
se=(1=9)Z; " + ¢spamj, (58)
ang /st =cit + Cht, (59)
bf =Tb{_y/m, (60)
bl =b; + ml, (61)

where the multiplier and auziliary variables ¥y, Vyy Ny Sit, Z1t, and Zay salisfy ¢, =
(RE = 1) (mexnus"/we) + R wpsie/(1+0) 20, Py = (RE = 1) (pgxmn i /wi) + G RE /(14 v) >0,
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N = (evcyy teacy )/ R — BE(evc, /1y +€c;q)/Ter1 2 0, qp = (ant/wt)(RtL —R™)/R] >0,
Zve = (xngyJwe)(am [soymer + QBETE Z1 iy, Zog = (xngy/wi)(amf/st) + OBEwE | Za i1,
and the transversality conditions, a monetary policy setting {R® > 1, kP € (0,1], x¢ € [0,1],
Q> 012, a subsidy ™, given T', {at, 2:}72,, mf_l = mﬁ_l >0, by1 =b_1 >0 b4 =
by,—1 + b1 >0, mljl = 7711)}’171 + ml{{l >0, and s_1 = 1.

A.2 First best

Proof of proposition 1. Using n; = n;; +ny; and ng; = ny, ¢, the social planer problem can be

summarized as

max Eiﬂt {0.5 [eb(c;;” —1) +elcl” - 1)} 1-0)"
t=0

{ct,e5Cb,6,00,6,h0, 6,108,105, £, Yk, 1520

— X (0.5n0) T (14 m) ™ +0.5y[(hy .75 — 1) + (b 7 — D] (1= o-h)‘l}

1 1 1
s.t. at/ n?‘,tdj :/ yr +dk, / njdj = ny,
0 0 0
1 1 1 .1 1 1 -
h :/ hb,tdi —l-/ hlﬂgd’i, / ykfﬁ dk = (/ Cb’tdi +/ Cl7tdi)T.
0 0 o 0 0

The first order conditions can be simplified to ebcb_f = elcljt”, X (0.5n)" = atan?_lebc;f , h;f h =

h; toh7 hpt + hiy = h, and ¢z + ¢y = azng. These conditions immediately lead to c,; =
ey S 1, _l-atn 1 Va
G [avep/(x0.57)]T-otntac [I+(er/ep) 7| T-otntec ¢y = (€1/€p)7 coty Mot = hug, e = (ct/ar) ',

which characterize the first best allocation. m

A.3 Monetary policy under flexible prices

Proof of proposition 2. Consider the competitive equilibrium as given in Definition 1. The

long-run equilibrium values {cy, ¢;, n, R¥, hy, ¢} then satisfy

1/RY = (¢f /&) BO.5(epcy T + ey T)m ™t + (¢ fep) v (1 +0)gz) " [(h — hy) ™" — hy 7] (62)
1/RY =[(¢] /&) BO.5(epc, ” + @1y ) {1+ [/ (1 + 0)][(RY/R™) = 1]}, if ;> 0, (63)
or 1/RY =B (5 /e)) B0.5(epc; © +€1c; %)t and R™ = RLif ¢ =0,
n! 17 Jw = B0.5(epcy © + ey T, (64)
cp=c 4 [2qhy2 (1 +v) + I"] /RE, if ¢, > 0, where I” = 0, if ¢; = 0, (65)
or ¢, < ¢+ [2qhy2 (1 +v) + 1" /RE,

g = yw(h—hy) 7"/ ("7 (1 — B)) and n® = ¢;+¢;. Given that the long-run first best allocation
satisfies e, (c}) ™" = ¢ (¢}) ™, and ¢ (¢f) ™7 = (n*)"™7 Jw, (64) implies that the implementation
of a long-run efficient allocation would require 7 = 3. Using h} = h) and €, (¢}) 7 = ¢ (¢])” 7 as
well as (62) and (63), shows that long-run efficiency further requires R = R™ = 1 and thus ¢; = 0.

Eliminating ¢ in the borrowing constraint (65), and again using €, (¢;)" 7 = ¢ (¢f)” 7 and hj = hj,
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then gives ¢ = 2z(1 + v)yw(0.5k) =7 /{[1 — (q/eb)l/g]n”"’l_a (1 — ) RF}. Further, substituting

1/04 1—a+

o 1 /.
out n with n = (2¢;)” and ¢; with ¢ = (w)T=otnFac [1 4+ (¢/ep)7] 1—a+n+nw, implies that the

implementation of a long-run efficient allocation requires the loan rate R” to satisfy RV = A, where

2z2(1+v) ~w(0.5h)1=n

A= 1—(q/e)s 0-5(1—5)

l—a+n ) —(m+1)/a

(2lere] =T 1+ (/) 7)o (66)

Given that A only consists of exogenously given terms (see 66), the two conditions R = A and

RY =1 are in general inconsistent, implying that first best cannot be implemented. m

A.4 Non-optimizing policy with money rationing

In this Appendix, we describe how a competitive equilibrium can be implemented by a central bank
that effectively rations money supply. Consider a competitive equilibrium as given in Definition 2.

Under under money rationing a competitive equilibrium can then be reduced to a set of sequences

{cbt, cit, mt, mey, Zy, S¢, T, RF, hot, s by, vl mfl}fio satisfying (57)-(61),
n T ) (wmegar) = BE[0.5
¢,y /RE=BE[0.5
ac] /RE =BE0.5

(€bCy i1+ €Cyira)/mesal; (67)
(evchir1 T €cyfry)/merr] +7((h = hog) 7" = by ") /arze (1 + v)(68)
(evch iy + e ) /me {1+ [re/(L+0)][(RE/RY™) = 113, (69)
(( )
)
)

et — crp = z2qihny (1+0) (2/RE) + ke /R,

(
any T [(mesar) =yw (h — hyy) " + BEqiang 1/ (meaa), (71
(

Zii) 2oy = Z;i (e — 1) /e, where Ziy = nﬁ" (wst)fl + OBETE 1 21441,

and Zay = n§+n (wmctst)_l + qﬁﬁEth;llZz,tH,
0.5(1+Q)mff =cpp + (1 + v)ththb,t/Rf, (73)
Ky bt 17 1/Rm =(1+Q)m mﬁlﬂ-t_l’ (74)

(where w = 1/[(1 —7") (x/a) (0.5)"]) the transversality conditions, a monetary policy setting
(R € 1, e [[BEO.5(evcy iy + €6 fq) /Tean)s ke € 0,1, k7 € (0,1], Q4 > 0322, a subsidy 77,
given {a¢, 2}y, [ >0, s_1 =1, b1, >0, b_1 > 0, and m*; > 0.

For the characterization of the steady state, where variables describing the allocation are either
constant or grow/shrink at a constant rate, we assume that the central bank sets an inflation target
7* that has to be identical with the long-run inflation rate 7 in a rational expectations equilibrium.
To ensure this, we consider two scenarios for the supply of government bonds (60). First, suppose
that public debt is issued in a way that is consistent with the inflation target, I' = 7*, such that
(60) is consistent with 7* = 7 for constant real debt. Given 7, the steady state values for Z;,
mec, and s; are given by Z = [%]1/(1*5) = ze=L 1290 and s = % Then, the

e 1—¢Bme— 1y
steady state values n, ¢;, ¢, RY, hy, and ¢, can — for a constant long-run policy rate R™ > 1 — be
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determined by solving

n/s=c;+cp,
nl+n—oc7r/ﬂ _ 0-5(61;01,_0 + EzCl_U)wmc,
L/RE =B (ef /) 05(ency "+ eney Ty (1 (/14 0) (RE/R™) = 1)
e, = RB0.5(ese, 7 + e ) + R (7/qz(1+ ) ((h = hy) ™" = b, ™),
b — c=zqhy (14 v) (2/R") + 5/R™),
yw(h — hy) " = qgn ™ " Yme (1 - ),

H H

Once ¢;, R, hy, and ¢ are known, the steady state values m!’ and b are given by mf =

% and b = % (1 + Q- 7T_1) mt given kP and Q.

Now, suppose that government bonds are supplied at a rate that is not identical to the inflation
target, I' # 7*. Then, the total stock of bonds b} might grow or shrink in a long-run equilibrium
at a constant rate I'/m (see 60). The money demand condition (73) then requires for constant
steady state values ¢;, RY, hy, q, and z, that the term m; = (1 + Q;)m{! is also constant in the
long-run. Using the latter and (61) to eliminate b] and m{? in (60) and (61), leads to KPb; =
Ry e[y —mmg—1 (14 Q1) "'yt and [by + e/ (1 + Q)] = T [b— + 71/ (L + Q4—1)] /7. Further,

substituting out b;, gives

R?’Lﬂ't ~ TATJLtflﬂ';l ’Ffl;t T
B\ + =
Ky 14+ Q4 1+ Tt

Taking the limit ¢ — oo of both sides of (75), we can use that for a constant long-run inflation

(75)

Ri"yme1 [ ﬁlt—zﬂ-t_—ll my—1
I WL T
H‘t—l 1 + Qt,Q 1 + Qt,1

rate m and a constant policy rate R™ a steady state is characterized by a constant value for m,.
The term in the square brackets in (75) grows/shrinks with the constant rate I'/7. When the
growth rate of bonds exceeds the inflation rate, I' > , this can be guaranteed by a permanently
shrinking value for x. Thus, the central bank can let x” grow at the rate /T and can let the
share of money supplied outright go to zero in the long-run, i.e. it can set s and 1/ according
to limy_eo 2 /KB | = 7/T < 1 and limy_,o 1/Q; = 0 if T' > 7. For I’ < 7, the term in the square
bracket in (75) permanently shrinks, which can not be supported by a growing value x without
violating the restriction x” < 1. In this case, the central bank can let £ go to zero and can let the
share 1/Q; of money supplied outright grow in a long-run equilibrium. For 7 = 1 and I < 1, it can
thus set s and 141/ in a steady state according to lim; oo (1 +1/Q¢) /(1 4+1/Q_1) =1/T > 1

and lim;_, ntB =0.
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A.5 Optimal monetary policy under non-rationed money supply

In this Appendix, we consider the policy problem of the central bank that neglects the possibility
of effectively rationing money supply. Hence, the money supply constraints (2) and (4) are disre-
garded for the derivation of the optimal policy plan, which can — by accounting for the remaining

constraints imposed by a competitive equilibrium (see Definition 2) — be summarized as

_ max min (76)
{eb,tscr et mes, Ze, 21 4, 22,4,86,m ho s @ REY2 o {20,650 A10,6 3720

EZ

Fhou [0.566 7 — 0.5ec;f  + 0.5RE (v/(1+v)aiz) ((h — hyg) " — h;;’h)}

0.5¢5( cbt ~1)(1-0)"t+0. 56[(6” 1)1 —0) = x(0.5n)" (147"

+0.5y(hy, ™ = 1) (1= op) "+ 0.57((h — hyy) ™7 = 1) (1 = 0p)

T (1= ) X050 (meaia) = BEL0.5(evcy gy + ) /o]
+Aot [y [si — it — coi] + A3t [st — sy — (1 — ¢)i (1- qﬁwi_l)f%l}
g [(1= @2 5+ omi ! =1 + Do | Zi (e = 1) e = Z1a/ Zad]

+ X6t :Zl,t —(1=7)(x/a)0 5’7n1+77 _1 — qﬁﬂE,ﬂerZLtH]

A7 :Z2,t — (1 =7") (x/@) 0.5"n; " (meys) ™ — ¢BE; 1 Z t+1}

+Ase [2 (1 + U)Ztchb,t/RtL) — oy + ] + Aoy [5Et{0-5(€b0;f+1 + € )/ ] — €lCZt0/R7:L]

T]+1 n+l—a
qgn Qt+1nt+1 _
Ao | — BE—— L — qw(h — hyy) "
mciag mci410a¢+1

Neglecting the conditions for ¢ = 0, the solution to the policy problem (76) has to satisfy the

following first order conditions

0=0.5vh; 7" — 0.5v(h — hyg) """ + Ao 0.5RE (7/(1 + v)gez1) (ah(h — hyg) " ophy 1)
+28:42 (1 +v)za/RE) — Mogywon(h — hpg) 7L,

0=20.40.5 (7/(1+ v)arze) ((h = hot) ™ = by ) = X221+ v)zauhn,e (RF)
+roecry (RF)

0=—X0.:0.5Ry/ (1 +v)q; ) ((h — hyy) 7 — h;fh) + A842(1 + v)zeh s/ RY

—2

1007 (merar) — Mogang T

0=—[A1s (1 —77) x0.5" ]~/ (mciaay)] + Ary (1 —1") (x/) 0.5"n; TTme; 277t

“/(meray),
_/\10,tQtn?+ /(mct at) + Aot— 1(]1:7177—H O‘/(mc?at),

= —(Nggamf/s7) + A3y — BE s 11167541 + Aoy (1= 77) (x/a) 0.5"n; s
+A7: (1 —71") (x/c) O.5”ni+”mc;1s;2,
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0=[A1t-1(0.5ep¢, 7 + 0.5er¢, ) /7] + A (€ = 1) ¢ 2 — Ao go1gems ' Z1y
“Ari16 (e — 1) 152 2oy + Aag[—¢si_1emi T + (1= ¢)Te (1— gns )71 s
—Ag,-1(0.5€pc, ] + 0.5elcltt”)/7rt2,

0=—x0.5"""n] + Mi(n+1—a)(1—7")x0.5"]" "/ (meiaar)] + ()\27tatanf‘71/st)
et (1+7) (1 =7 (x/@) 0.5") st — Ary (14 1) (1 —77) (x/a) 0.5™n] (mcgsy)
FA104[(n + 1 — ) gen!™ " /(merar)] — Mog—1[(n + 1 — @) gnf™* /(merar)],

0= 0.561,0;? + 0.5)\07,56&,00;;771 + )\17t_1eb0.50(c,;ffl/7rt) — Aot — g
—/\g7t_1eb0.5a(cl:f_1/7rt),

0= 0.56501_757 — 0.5)\0,2506;0[_7;7_1 + )\1,t71610-50(61_7t0_1/7rt) — Aot + Ast
—)\g,t_lelO.E)a(cljt"*l/m) + )\97,50610;7;’*1/}25,

0=—(Xst/Z21t) + X6t — A6 t—107},

0= (N5 Z1,4/2Z3,) + Mt = Aoy

0=A1s(1 =) (1 =€) (Zt) ™" + Xt (e — 1) /e,

as well as the constraints to the policy problem (76) and the transversality conditions, given 7",
{at,Zt}?iO, h >0, s.1 =1, as well as )\1’,1 = A, )\6,71 = Ag, )\77,1 = A7, )\97,1 = Ag and
A10,—1 = A10- The steady state of the solution, where all variables are constant or grow with a

constant rate, is a set {cy, c;, n, me, 8,7, hy, ¢, R¥, Ao, A1, A2, A3, Ag, A1o} satisfying

0=0.57 [h, 7" — (b — hy) "] + X0.5R" (v/ (q2)) (on(h — hy) """ + ophy 77 1)
+As2 (Zq/RL) — Aoywon(h — hy)~7n L,
0=—X0.5R "/ (¢2) ((h — hp) ™" — hy 7") + As2qzhy/ RE,
o (1= 6)(m 1)
(1= ¢pm=1) (1 - ¢m)’
(1 —77) (x/a) 0.5 1= (mes) ™ A3
(1 — ¢n®) (1 — ¢pBm=—1) C1—nlg )

0=—X2(n%/s*) + A3 (1 — Bo7®) — A1 (1 — ™) (/) 0.5T 17 (mes)

0=X0.5 (ebcb_(’ + GZCZ_U) + epsm® (7T - 1) </\1

0:0.561,0;0 [1 + )\Qdcb_l -+ Aldcgl/ﬁ] — X — g,
0=0.5¢,¢; 7 [1 — Aoocfl + Alacfl/w] — Ao + Mg,

_ 1+ -1 = (1 —¢fn° 1—¢n!
0=—x0.5"""T4+ Xo(an® " /s) + A1 (1 — ") (x/x) 0.5" — <1 Y R 14+n)—al,
as well as the steady state versions of the constraints in (76): ¢ = (o 7t== U;{”Zc)l/", 1/RV =

B(cf /) 0.5(epcy, @ +ec; )/, ey © —ec; 7 = RE (v/qz) [(h— hy) ™70 — hy 7], e — ¢ = 22qhy/ RY,
@ (1 - B) = qw(h — ), nfs = ¢ + e s = (1—¢)Y ) —(1_@;5:;);/(571), and mc =

—1 1—¢Bnc 1— _
)
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Under flexible prices and perfect competition the policy problem simplifies to

max min (77)

{eb,t.ct,t,me,me e 1 g, REYS o 100,6:A1,8,A2,6,A8,¢,09,,A10,6 1820

Ei 0.56,(cy ;7 — 1) (1—0)~" +0. 561(0” — 1) (1 —0)" =X (05n) (1 +9) |
+0.57(hy, 7" = 1) (1= on) "+ 059((h — hy) ™" = 1) (1 — o) !

+FAou [o.5qc;; —05e657  +05RF (v/(1+v)aeze) (h— hyg) ™ — h,;;h)}

+A1t [(1 —7") X0-5"n?+1_a/ata — ,BEt[O.E)(ebc;fH + €lCZ_’to_-_1)/7rt+1]:| + Aot [angs — crp — cp

s, [2 ((1+v)zeqehos/RE) — cuu + cig] + Nog [5Et[0-5(€b01;f+1 + € )/ Te] — ElCZtU/Rf]

+A10,¢ [qmgﬂ “a; ' = BE(qraniii “aly) —yw(h - hb,t)_”h]

such that the policy plan is — when neglecting conditions for ¢ = 0 — characterized by the following

first order conditions of the policy problem

0=0.57hy " — 0.57(h — hye) 7" + Ao 0.5RF (v/(1+ v)qrzt) (on(h — hye) 7" + ophy ")
+Xs,42 (14 v)tht/Rf) — Mo.ywon(h — hy) "0,

0="20:0.5(v/(1 +v)qzt) (b — hot)~7" — by 7") — As¢2(1 + v)zqeh, (R + )\97t610l_,tU(RtL)72,

0= )\g,tGlCz_,ta (QthL)*l 4 ng+1_aat—l (Mot — Aog-1), 0=A1s — Aoy,

0=—-x0.5"""n} + (Ao rarany ') + (0 + 1 — a)n)™*/a)[(x/a)0.5" 14 + a (Mo — Ao,—1)],

0=0. 56bc 7(1+ Ao tO'Cbt + A 1acbt7rt )\971:—1001; /7)) — Aot — Asits

—-1_—1 —1 L
0= 0'5€lcl,t ( — )‘O:tUCl,t + /\1,15_106“ 7Tt — )\9715_1(70“ i AQ,tUCl’t /Rt ) — )\Q’t -+ >\8,t7

as well as the constraints to the policy problem (77), and the transversality conditions, given
{as, 2320, b > 0, as well as as well as Ay 1 = A, dg—1 = g and Ajg—1 = Aip. The
steady state of the solution, where all variables are constant or grow with a constant rate, is

a set {Cb’ Cly hb7 n, RL, {4, >\0) )‘2’ >\87 )‘10} Satisfying

0=0.57vhy 7" — 0.5v(h — hy) "% 4+ M0.5RE (v/(1 4 v)gz;) (on(h — he)~n L + aphy 77

+282 (1 +v)zq/R") — Moywon(h — hy) 701,
0=—X0.5R (v/(1 +v)g*2)((h — hp) 7" — hy 7") — As2(1 + v)zhy/ R, X0.5"Tn" = Npan®!,
0=0.5epc, ° (1 + /\oacb_l) — X2 —Ag, 0=10.5¢¢;,7(1 — )\Oacl_l) — A2+ g

as well as the steady state versions of the constraints in (77) ¢ = (nnfﬁ%)lﬁ’, 1/RV =

B(cf /er) 0.5(epc, ” +erc 7) [, epe, T — ey = R¥ (v/q2) [(h—hp) =" — hy "], ey — e = 22qhy /R,
qn™ 1= (1 — B) = yw(h — hy) ™%, and n® = ¢; + ¢p.
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A.6 Optimal monetary policy under rationed money supply

In this Appendix, we consider the policy problem for the case where the central bank takes the
possibility of money rationing into account. To examine the optimal policy problem we set-up the
policy problem including the money supply constraints (2) and (4), and then examine if the central
bank is able to undo several constraints imposed by the private sector equilibrium behavior (see
Definition 2) by using its instruments, R}", k;, and nt . For this, we suppose that the restrictions
on these instruments, i.e. Ry > 1 and «B) € [0,1], are not binding. After solving for the
optimal policy plan and the associated sequences for all instruments, we verify numerically that
the restrictions on the policy instruments are not violated for the chosen set of parameter values
(and in the neighborhood of the long-run equilibrium). The policy problem can be summarized as

max min (78)
~ oo
{e,tsc1,e,me,miT by b L, mee, Ze, 21,1, 22,450,700, RE 68 ke, R he 10 3520 101,65--016,6 152

Eiﬁt 0.5¢5( cbt ~1)(1-0)"t+0. 561(0” —1)(1—0) = x(0.5n) (14797t
+0.57(hy " = 1) (1= 04) ™"+ 0.59((h = hy) =7 = 1) (1= 03)”"

01, [ebcbt JRE = (1= x (0.5n0)" /(meyaram ™) = 5 (1 + 0)guz) ™ ((h = hyg) ™" — hy %)
+0s, [(1 — ") X (05m)" / (mesasang™) = BEJ05(epcy fy 1 + e fry) /mﬂ}
+05.4[(1/ Ry ) B(e/er) Bel0.5(evc,y g + acifyy)/mal{1 + [se/ (1 + 0)|[(RF /R") — 1]}]

[0.5

[0.5

+044 [0.5 (14 Q) miT + {( + )/ REY + (kele/R™) — cpe] + 05, [br — b +mf]

+06 ¢ (1+Q)m —(1+v) (lt/RtL) — ciyl

+07¢ [agny' /se — 14 — Cb,t] + 04 [Zt (e—1)/e— Zl,t/Z2,t] + 09 ¢ [(1 — ¢)(Z )1 “+omi L 1]
+010,t :St —(1—¢)Z;° — ¢St—17ff] + 0114 [Zl,t — (1= 7") (x/@) 0.5"n, st — 9BE s, 21, t+1}

+912,t ZQJ — (1 — 7-”) (X/a) 0.577nt1+77 (mctst) (Z)/BEtTrtJrl Z2 t+1] + 913 y [b Fbt 1/71}]
+0144 [k b—1/ (R T) — (L+ Q) mf +miL w7t + 0150 [2eqeho s — 1]

+016,¢ qm?“ “/(merar) — ﬂEtQtJrln?illia/(mCt+1at+1) —o(h — hb,t)_ah]

We first examine the optimal choices for policy related variables and, in particular, for the monetary
policy instruments. We thereby show that the set of relevant constraints of the original policy
problem (78) can be reduced, if the central bank rations money supply. Once we have shown
that several constraints in (78) are not binding, we continue with the simplified policy problem.
The first order condition for w7, O144bi—1/ (R*m;) = 0, immediately leads to #14¢ = 0, such
that the first order conditions for b;, 05 + ﬁEt0147t+1mﬁ_1/Rm_17rt+1 = 0, and for th, O5: =
013+ — TBE013,t41/me+1, imply 054 = 0 and 0134 = 0. Then, the first order condition for mfl,
051+ 04405 (1 + Q) +0640.5 (1 + Q) — (1 + Q)01 + BEO 14441 /me41 = 0, leads to 04 = —064.
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The optimal choices for the policy rate R{* and k; depend on whether the policy rate is set
below the loan rate or not. If R{" = R} or if k; = 0, the constraint (16) reduces to (1/Rf) —
B(cf,/e) Ex[0.5(epcy 7, + €164 1)/ me+1] as in the case of non-rationed money supply (see Appendix
A.5). If, however, the policy rate is set such that it is lower than the equilibrium loan rate and
loans are purchased, i.e. if

R™ < RE and k; > 0, (79)

(while 1 < R{" and k¢ < 1) the first order condition for R{" is given by 03,5(cf,/e1) E¢[0.5(epc, 7, | +
E[Cl_yttjrl)/ﬂ't_kl][fit/(l + V)R = Oa1kils + 9147t/€,{3bt_17rt_1, which can by using 614 = 0 be further
simplified to 03.6(cf,/e) Ei[0.5(epc,{y + ecyfyy)/m]/(1 +v) = 0440;/RF. Combining the
latter with the first order condition for ry, —03:8(cf,/e)E[0.5(encyy,y + € fq)/mea][1/(1 +
O)[(RE/R) — 1] + 044(1¢/R™) = 0, then leads to 0441;/RF = 0, implying 64, = 0. The first order
conditions for I, 044[(1 +v)/RF + (ke/R™)] — 064(1 +v)/RF — 015+ = 0, then implies 015; = 0.
We can therefore conclude that the constraints associated with the multiplier 03¢, 044, 05+, 06 1,
013,t, 014, and 0154, which are all equal to zero, are not binding for the policy choice. Then, the
loan rate can be chosen to ensure that the constraint associated with the multiplier 81, is satisfied,
while the constraint associated with the multiplier 616; can be used to residually determine the
sequence of g; for a given allocation. When (79) is satisfied, the policy problem (78) can therefore
be reduced to

_max min (80)
{ev,t,c1,e,mt,met, 2,21 t,22,¢,5t,Tt,he 1 } 22 A A7,6120

EZ 0.5e5(ct,” — 1) (1= )" +0. 561(0” — D)1 —0) =X (0.5n) (140t
+0.57(hy 7" = 1) (1= 0p) ™+ 0.59((h = hpe)' ™" = 1) (1 = 0p) "

FA (1= 7 x0.5M) T/ (meyasa) = BE(0.5(evy 5,y + e ) /mial]
Aot [ang/se — i — chr) + A3t [st — ¢sp_m; — (1 — (ﬁ)i (1 — qbwf_l)f%l}
Fhae [(1=0)(Z)' % +oms ! — 1] + Am (20 = 1) Je = 214/ 2]

+6.t :Zl,t — (1 —7") (x/@) 0.5"m; st — PBE T 121, t+1}

+)\77t Z27t - (1 - Tn) (X/a) 0.57777,151-’_77 (mctst)fl - (b/BEtﬂ'i;llZQ,t—&-l}

Proof of proposition 3. As shown above, the borrowing constraint z;q;hy,; > I3 is not a bind-
ing constraint for the policy problem (78), i.e. the multiplier 615 equals zero under the optimal
choice, if (79) is satisfied. Then, the central bank instruments R, s, and kP are non-neutral
and can be set to implement a set of sequences {Cp+, ¢ ¢, s, My, Et, Zl,t, th,gt,%t,ﬁbi}fio solv-
ing (80). Specifically, it can control the overall supply of money and thus aggregate demand by

setting xk, while R and k; can be set such that i.) the private sector multiplier ¢ bt on the bor-
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rowing constraint (3) equals zero, which demands (eyc,;/ RF) = BE, [0.5(ebcy, 11 + €16y 1)/ Te4a]

(see 37), and ii.) credit supply, which restricts consumption expenditures via (39) and (40), is

altered to accommodate desired consumption expenditures of borrowers and lenders via loan pur-

chases (see 44-45). For i.), the instruments R” and k¢, which affect the loan rate by 1/R} =

B(cfi/e) Ee[0.5(evcy ¢y + ey fy)/mepa {1 + %[(Rf/R%”) — 1]} if (79) holds (see 38), have to
1+wv

satisfy
R 1+ — _ _ _ ’
t ( * > ﬂEt{O'E’(Gbcb,taﬂ + elcl,ti-l)/W:Jrl}

where the RHS of (81) equals the associated loan rate EtL and the term in the square brackets is non-

~0 ~0 ~—0
Gt — Gy €bCh,¢

81
ebE;f (81)

negative. For ii.), the instruments R} and s, further have to ensure ;[(r;/R/") + 2(1 +v)/RE] >

Cpt — C1t, for a feasible amount of loans, I; < th?ﬁbi and thus
2Gehn[(ke/ RY") + 21+ v)/RE) > & — g, (82)

where ¢; is determined by (35), (36) and (47) for {'cvbvt,a’t,ﬁt,fnvct,%t,ﬁb’t}fio. Substituting out
{ using the steady state versions of (35), (36) and (47) as well as that hy = h; = 0.5k holds for

(p = 0, the steady state version of condition (82) can be written as

(@& —a)(1=8)(ec,7) —2(1 +v)zv(h)

> ~
2v(h)RE

T , (83)
where v(h) = v(0.5h)!~7*. Condition (83) implies that if (¢, — &) ey, 7 > 2(1 + v)zv(h)/ (1 — )
holds in the steady state, then the consumption allocation {¢, ¢;} cannot be implemented without
loan purchases. The long-run consumption allocation {¢;,¢;} can however be implemented if the
pair {R™, Kk} satisfies R™ < RL = ebggaga%/ﬁ, R™ > 1,0 < k, k <1, (83), and the steady
state version of (81), i.e. R™(1+ [(€¢; 7 — e, 7)€, 'e7] (1 +v) /) = RL. Then, in a sufficiently
small neighborhood of this steady state there also exist pairs of sequences {R}", k¢ }72, satisfying

R < EtL, R >1,0 < Ky, ke <1, (81), and (82) which implement {cp ¢, ¢}, ™

Neglecting the conditions for ¢ = 0, the solution to the policy problem (80) has to satisfy the

following first order conditions:
0=hyy — 0.5k
0= 0.561,0;;’ + A1—16,0.50 (cg’f*l/ﬂt> — Aot
0= O.5elc;ta + A1,1—1€0.50 (c;ta_l/ﬂt) — Ao,
0=—x0.5"7 + Ny (n+1—a) (1 —7") x0.5™] "/ (mciaar)] + (Mg razan ™ /s;)
Ao (L+m) (1 =7") (x/e) 0.5"n{s; = Az (L+m) (1 —7") (x/) 0.5"n{ (meys,) ™"
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0=[Are1 (o.5ebc;g n 0.5elc,j;’) 7]+ g (e — 1) s 2

Xt 19em;Zig— Ay1¢ (e — 1) w2 2oy

hag | ~gsaeni = (1= 97 S (1= ont )T (- - DoY),
0= _()\2,tatn?/5§) + A3 — BEtAS,t+1¢7T§+1

o (L=7") (x/a) 0.5"n) 572 4+ Ay (1 — 77) (x /@) 0.5"n; T"me; s;72,

—As (1 =7") X0.577n?+1_a/ (mcfaat)] + Ay (L—=7") (x/ @) O.5”n%+nmct_2st_1,

0=—(X5,t/Z2t) + N6t — N6t—1075,
0=Nst(Z14/Z3,) + Aty — Mpg—r0ms Y,
0=Xas(1=¢) (L =) (Z) ° + Asu (e — 1) /e,

as well as the constraints to the policy problem (80), and the transversality conditions, given 7",

{at, Zt}toi()a h > 0, S_1 = 1, as well as 91,_1 = 91, 06,—1 = 96» and (977_1 = 97.

The steady state of the solution, where all exogenous and endogenous variables are constant or

grow with a constant rate, can be reduced to a set {cp, c;,n, 7, s, A1, A3, hy } satisfying

0=hy — 0.5h,

0=ec 7 (1+ acflAl/W) —epcy 7 (14 ac,jl)\l/ﬂ) ,
0.5epc, 7 + 0.5¢1¢; 7

ebcb_a

0= %0.5 (1+ o, "M /7) (an®/s) + M (n+1—a+(1+n)d(r))

xn!t10.5M 1

q,cb_" ,8 ’
0.5e5¢; 7 + 0.5¢¢;° o
0= 220 FI0U gy 4 T 5 (14 g Ay /) (n%)s) — ZsAs (1 — B,
€5C, B B e
S m—1 cpme1 1—7
O=—-X1+2A c + A ,
1+ Aggem 0.5650, 7 + 0.5e,¢; 7 1 — gL L Ry s
0=(1— 7 e m (1= pmet = (1—o¢pr1) 0566, 7 +0.5e¢,° 7
B c-1B\ 1-9 (=98 (x/a)05mmii-o
1 (1— (Z)ﬂ's_l e
0=(1—9¢)T—= ( = ¢ﬂ5)) — s,

O0=c+cp —n%/s.

— € _ e—1
where ®(7) = 1£¢‘é§§,1 llfgwe — 1.
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A.7 Additional tables

Table Al: Benchmark parameter values

Subjective discount factor 5 =0.99
Inverse int. elasticity of substitution | o) = 2
Inverse of Frisch elasticity n=1
Substitution elasticity e=10
Degree of price stickiness ¢=0."7
Labor income share a = 0.66
Share of unsecured loans v=20.5
Utility weight on housing v=0.1
Utility weight on working time x = 98
Housing supply h =28
Stochastic consumption weights Ae=1
Mean liquidation share of collateral | z = 0.8
Autocorrelation of shocks Pa, = 0.9
Standard deviation of shocks 5dg,. = 0.005

Table A2: Steady state values under flexible prices

z=0.8 z=0.4
First best Optimal Money Optimal Money

policy rationing policy rationing
Borrower’s consumption 0.3018 0.3017 0.3018 0.3012 0.3018
Lender’s consumption 0.1742 0.1743 0.1742 0.1744 0.1742
Borrower’s housing share 0.5 0.5323 0.5176 0.63669 0.5879
Loan rate - 0.9988* 0.9982* 0.9929* 0.9912%*
Inflation rate - 0.9897 0.99 0.9885 0.99
Policy rate - - 0.99* - 0.98*
Share of purchased loans - - 0.3 - 1.2%

Representative agent’s utility -3.12078  -3.12081 -3.12079 -3.12138 -3.12101

Note: A star "*" indicates that the lower bound on interest rates or constraints on policy instruments are violated.
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A.8 Additional figures

Housing of borrowers Consumption of the borrower

Consumption of the lender
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= = =Firsthes
o - . . . . . 04 . . . . . ,
1 2 3 4 5 6 7 1 2 3 4 5 6 7
x 16’ Inflation Loan rate
2 T T T T T T 0.07, T T T T T
15 0.065
0.06]
1
0.055
0.5
0.0%
0
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00 n . . . . . ’
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7

Responses to a contractionary productivity shock under optimal policy w/o money rationing for

different liquidation value means [Note: Steady states are not identical.]

Housing of borrowers
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-
Jo.

Consumption of the borrower

Consumption of the lender
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0.4 0 00y
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Responses to a lower liquidation value under optimal policy w/o money rationing for different

liquidation value means [Note: Steady states are not identical.]
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